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Abstract

Let K = Q(v/d;,+/dz) be the bicyclic biquadratic fields, where d; are the integers
expressed in the forms d; = m?+4 or m?+ 1 (m € N). Using Tatuzawa’s lower bound
of L-function, we shall show there are only finitely many such fields with class number
one and two. Assuming the generalized Riemann Hypothesis, there exist exactly 54 real
bicyclic biquadratic fields with class number one and 118 fields with class number two.
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Introduction

A.Baker and H.M.Stark proved that there are exactly 9 imaginary quadratic fields with
class number one and 18 imaginary quadratic fields with class number two. Using these
results, E.Brown, C.Parry and K.Uchida independently proved that there are exactly 47
imaginary bicyclic biquadratic number fields with class number one in [2] and [15]. For the
real case, using Tatuzawa’s lower bound of L-function, H.K.Kim, M.-G.Leu and T.Ono
proved that there are at most 13 quadratic fields Q(v/d) with class number one in [7] and
M.-G.Leu proved that there are at most 18 quadratic fields with class number two in [12],
where d are the square-free integers of the form d =m?+4 or m*+1 (m € N).

Using these results, we shall show that there exist 54 real bicyclic biquadratic fields
K = Q(/dy,v/d;) with class number one and 118 real bicyclic biquadratic fields with
class number two. Here d; are the square-free integers expressed in the forms d; =
m?+4 or m*+1 (m € N). Since the result of Tatuzawa [14] allow the possibility
of one more field, our results allow several more fields. However, in [8], H.K.Kim proved
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if one assumes the generalized Riemann Hypothesis, the conclusion of Tatuzawa is true
without any exception. So, if we assume the generalized Riemann Hypothesis, there are
exactly 54 real bicyclic biquadratic fields with class number one and 118 fields with class
number two. "

§1. Class numbers and the unit groups of real quadratic fields

First, we recall several facts on the class numbers and the unit groups of real quadratic
fields. Let d be a positive square-free integer and £ be the real quadratic field Q(\/E) We
denote the fundamental unit of £ by €4 = (4 +ud\/c?)/2 > 1 and denote the class number
of k by h(d). '

Lemma 1 (Tatuzawa). For any z > 11.2, let d be a positive integer such that d > ®.
Let x be any non-principal primitive real character to modulus d, and L(s,x) be the
corresponding L-seres. Then L(1,x) > 0.655d~1/%/z holds with one possible exception.

From the class number formula, we have

hd) = VAL(1, x) ’
2logey
where x be the Kronecker character belonging to k.

From Lemma 1, we have

0.655¢2/2~1/=

h(d) > g(z,logu) = m )

where z = logd > 11.2.

It is easy to see g(z,logu) is a monotone increasing function of z (z > 11.2) for any
fixed u and lim,_,o g(z,logu) = co. Therefore, for any positive integer A and any real
number M > 0, there exist a constant ¢ such that g(c,logu) > h for any u < M. Hence
if d > e°, then h(d) > h. Therefore we have shown the following proposition.

Proposition 1. For any integer h > 0 and any real number M > 0, there exist only
finitely many real quadratic fields k with h(d) = h and vy < M .

For the case d=m?+4 or m* + 1 (m € N) and d is square-free, we see

eq = (m+vm?+4)/2 or (2m + 2¢/m? +1)/2. Hence ug = 1 or 2 for these cases. One
can easily verify ¢(14.5,log 1) = 4.09--- > 4, g(14.7,log2) = 4.02+-+ > 4 and 14092 + 4
= 1985285 > ¢'*® and 15572 + 1 = 2424250 > ¢'*7. On the other hand, using the results
of Ankeny-Chowla-Hasse 1] and S.-D.Lang [11], we have the following lemma.
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Lemma 2. Let d be a square-free positive integer of the form d = m? + 4
((resp. m®+1). Let g be the least prime such that x(q) = 1. If qh <m (2¢" <m), then
h(d) > h.

Combining the genus theory and the above lemmas, we have the following.

Proposition 2. Let k = Q(v/d) be a real quadratic fields such as d = m? + 4
(resp. m*+1) and h(d) < 4. Then we have the following.

(1) d=p1, pipa or pipaps, where p; are the primes such that p, < py < ps.

(2) Let q be the least prime such that x(q) = 1, then ¢* > m ( resp. 2¢* > m).

(3) m < 1408 ( resp. m < 1556), with the possibility of an ezceptional d.

By the help of a computer, we found there are 12 real quadratic fields with class number
1 and 17 real quadratic fields with class number 2 and 12 real quadratic fields with class
number 3 and 29 real quadratic fields with class number 4, with one possible exception of d.

Proposition 3. There exist 70 positive integers d of the form m? + 4 or m? + 1 such
that 1 < h(d) < 4, with one possible exception.
(1) h(d) =1 d=2,5,13,17,29,37,53,101, 173, 197, 293, 677 (Theorem 2 of [7]).
(2) h(d) =2  d=10,26,65,85,122,362, 365,485, 533, 629, 965, 1157, 1685, 1853, 2117,
2813,3365 (Theorem 2 and 2’ of [12]).
(3) h(d) =3 d=229,257,733,1229,1373, 2213, 2917, 4493, 5333, 5477, 8837, 9413.
(4) h(d) =4 d=182,145,170,290, 445, 530, 626, 901, 962, 1370, 2405, 2501, 3029, 3485,
3845, 5045, 5933, 6245, 6893, 7397, 9605, 10205, 11237, 11453, 12773, 14885, 16133, 20165,
24653..

§2. Class numbers and the unit groups of bicyclic biquadratic fields

First, we recall several facts on the class number relations of elementary abelian
2-extensions of Q. K denotes the composite of independent real quadratic fields
k1, ..., ks Since the Galois group K/Q is isomorphic to (Z/2Z)", there are exactly
t = 2" —1 different quadratic subfields of K. We denote them £y, ..., k; and the fundamental
unit of k; = Q(Vd;) by &; = (¢; + w+/d;)/2 > 1. h; and E; denote the class number and
the unit group of k;, and Hx and Ex denote the class number and the unit group of K.
Then it is known (c.f. [10]) that

(1) Hg= '}‘[EK T E]-T] A

v
2 =1 =1

where v = n(2*™' — 1). Combining this fact and the above lemmas, one can generalize
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Proposition 1 as follows.

Proposition 4. Let n be a positive integer. For any integer H > 0 and any real
number M > 0, there exist only finitely many fields K with the Galois group Gal(K/Q)
isomorphic to (Z/2Z)*, Hx = H and v; <M (1<:i<n).

In the follwing, we consider the case when n = 2, H < 2 and M = 2. Especially,
we shall determine all the bicyclic biquadratic fields K = Q(+/d;, v/d;) with class number
Hy = 1and 2, where d; are the integers expressed in the forms d; = m?+4 or m?+1 (m €
N). Let E be the group E1E2E3 C Ex. As usual, we call the number Qi = [Ex : E] the
unit index of K. We denote d;d, = dsr?, where ds is a positive square-free integer and r is
an integer. h; and ¢; denote the class number and the fundamental unit of Q(+/d;). Then
E =< %1,e,¢e5,63 >. Lel N be the norm map from k; to Q. We denote the Galois group
Gal(K/Q) by G and the elements of order 2 which correspond to K; and K3 by o and 7.
Let € be any unit in K. Then it is easy to see

o)
e%em
Since K is real, we have an isomorphism Ex/E & Ex®/E* C E/E*.
Therefore, to find a system of generators of the unit group Ej, we have to list up the
elements of E which are perfect squares in K from among 7 numbers e%che] (# 1), where
a, 3,7 = 0 or 1. We note that Ne; = Ney = —1. In the case Ney = —1, the number
edehe] does not become totally positive for the value of (o, §,7) other than (1,1,1). In
the case Nez = +1, the number ei‘age} does not become totally positive for the value of
(o, B,7) other than (0,0,1). Hence the unit index Qg of K'is 1 or 2. Then it is known

(c.f. [9]) that;

Lemma 3. In the case Nes = —1, put C = Trgqleieaes — €1 — &3 — €3). Then
Qx =2 if and only if C or one of Cd; 1s a perfect square in Q.
In the case Ney = +1, put C = N{1+¢€3). Then Qi = 2 1f and only 1if C or one of Cd;

is a perfect square in Q* .

In the case Hy = 1, all the genus fields of Q(v/d;) are contained in K. Therefore only
two primes divide the discriminant of K. Hence (hy, hy, hy) = (1,1,2) or (1,2,1). Hence,
using the results of [7] and [12], we have obtained the following theorem.
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Theorem 1. With the above notation, there are 54 real bicyclic biquadratic fields
K = Q(/dy,Vdy) with class number Hy = 1, where
(dy, da) = (2,5),(2,13),(2,17),(2,29), (2,37), (2,53), (2, 101), (2, 122), (2, 197), (2, 293),
(2,362), (2,677), (5,13), (5, 17), (5, 37), (5, 53), (5, 173), (5, 293), (5, 365), (5, 485),
(5,677), (5, 965), (5, 1685), (5, 3365), (13, 17), (13, 29), (13, 37), (13, 197), (13, 293),
(13,533), (13, 1157), (17, 29), (17, 37), (17, 101), (17, 197), (17, 1853), (29, 37), (29, 53),
(29, 101), (29, 173), (29, 293), (29, 2117), (29, 2813), (37, 53), (37, 101), (37, 203), (53, 173),
(53,197), (101, 173), (101, 197), (101, 203), (173,293), (173, 677), (197, 293) .

Remark 1. As we mentioned in the introduction, the result of Tatuzawa [14] allows
the possibility of one more field. So our result allows several more fields. However, us-
ing the results of H.K.Kim [8], the conclusion of Tatuzawa is true without any exception
under the generalized Riemann Hypothesis. Therefore, under the generalized Riemann
Hypothesis, there are exactly 54 real bicyclic biquadratic fields with class number one.

Let K and K; be the Hilbert class fields of K and K;. Since K - K; C ]Mx’, we have the
following elementary lemma.

Lemma 4. H]{ Z h1/2 (1 S 1 S 3)

From the formula (1) and the above lemmas, Hx = 2 implies (hy, hs, hs)
= (1,1,4), (1,4,1),(1,2,4), (1,4,2),(2,2,2) and (2,4, 1). In the case (h, ha, ho)
=(1,1,4),(1,4,1), Lemma 3 and Lemma 4 imply Qx = 2 and therefore Hy = 2.
Using the continued fraction expansion, we have (hq, hy, h3) = (1,1,4) or (1,4,1) in the
follwing 23 fields K = Q(v/d1,vd2),
where (di, dy) = (2,82),(2,626), (5,29), (5, 101), (5, 445), (5, 3845), (5, 6245), (13, 53),
(13, 101), (13, 173), (13, 677), (13, 3029), (13, 7397), (13, 11453), (17, 53), (17, 293),
(17,5933), (17, 11237), (37, 197), (7, 677), (53, 12773), (173, 197), (293, 677).
In other cases, one sees Hy = 2Qx > 2 and so Hy = 2 if and only if Qx = 1. By
the help of a computer, we have calculated the class number 3 and the number C of
Lemma 3. Blanks in the following tables stand for the cases hihyhs # 8. Moreover, if it
is possible , we omitted these cases. For the cases hihyhy = 8, we write (1) or (d;) when
C € (Q*)? or di(Q™)? and * when Qi = 1. For example, in the case K = Q(+/2,/65),
C = 4160 = 8% x 65 € dr(Q*)? and we have written (d;) in Table 1.
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Table 1 (the cases (h1, ho, h3)=(1, 2, 4))

(lg\dl 2 5 13 17 29 37 53 101 | 173 | 197 | 293 | 677
10 (d3) | % [(da) | * [(di) [(da) | * |(d3)]|

26 (d1) * * 1 | @) {(d3) | = * (1)
65 (d2) ¥ | (d1) | (da) | (da) (1 | = (d1)
85 * * (dy) | (1) | (d3) | (da) | (d3) | (d2) | (d3) | *
122 ¥ (1) * * (1) | (d2) (d2) | * (da) | =
362 (dg) * (dg) X * X (dl) * (dg) (d])
365 (d]) Xx (1) X * (dl) (d3) (dg)
485 * * [ (dg) | () | * (d2) | (d2) (1)
533 (d3) * * * * (dl) (]) (ds) (d3) (dl)
629 ¥ 1 (dg) | * (ds) (d1) (ds) | (1) | (d2) | (d3)
965 * x| (d3) | * | (do) X (d2)

1157 * (1) * (d) | (1) (dy) | =

1685 (d}) (d3) * % (dg) (1) * (dl)

1853 X * (dz) X (d]) X (dl) (dl)
2117 * (d1) * (1) * * * (d2) | (d2) | (ds)

2813 (d3) | * (d3) (do) | = (da)

3365 * * * (d1) () | = | (1) (d1)

Table 2 (the cases (hy, hs, h3)=(2, 2, 2))

da\dx 10 126 | 65 85 | 122 | 365 | 485 | 533 | 629 | 965 | 1685 | 2117
26 (d2)

85 * *

122 *

362 * 1)

365 * (d2) *

485 * x | (1) *

533 x

629 (d1)

925 * *

1157 * (d])

1685 x| (d1) (d2)

1853 * ¥

2813 *
3365 * * * (d3) *
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Table 3 (the cases (hy, ho, h3)=(1, 4, 2) or (2, 4, 1))

d2\d1 2 5 13 1737 10 |65 1|85
170 X

290 (d2)

530 (dz) (d3)

962 * *

1370 (1) (d2)

2405 (da) | (d3)

3485

9605 * X *
10205 * *
11885 (dy)

16133 * x

20165 * *

Theorem 2. With the above notation, there are 118 real bicyclic biquadratic fields
K = Q(V/di,/dy) with class number Hy = 2, where
(dr, da) = (2,85), (2, 485), (2, 629), (2,965), (2, 1157), (2, 2117), (2, 3365),
(2,82), (2, 626), (2,962), (5, 29), (5, 101), (5, 122), (5, 533), (5, 1853), (5, 170), (5, 455),
(5,3845), (5, 6245), (5, 9605), (5, 10205), (5, 20165), (13, 53), (13, 101), (13, 173), (13, 677),
(13,85), (13,485), (13,629), (13, 1853), (13, 2117), (13, 2813), (13, 3365), (13, 962),
(13,3029), (13,7397), (13, 11453), (13, 16133), (17, 53), (17, 293), (17, 10), (17, 65),
(17,122), (17, 362), (17, 365), (17, 533), (17, 965), (17, 2813), (17, 3485), (17, 5933),
(17,9605), (17,11237), (17, 16133), (29, 26), (29, 122), (29, 533), (29, 1157), (37, 197),
(37,677), (37, 10), (37, 26), (37, 362), (37, 365), (37, 485), (37, 533), (37, 965), (37, 1685),
(37,1853), (37,2117), (37, 20165), (53, 362), (53, 365), (53, 1685), (53, 2117), (53, 12773),
(101,362), (101, 2117), (173, 197), (173, 10), (173, 965), (173, 1853), (173, 2813),
(173,3365), (197, 26), (197, 65), (197, 122), (197, 362), (197, 1685), (293, 677),
(293, 10), (293, 26), (293, 1157), (677, 85), (677, 122), (10, 85), (10, 122), (10, 365),
(10,485), (10, 965), (10, 3365), (26, 362), (26, 1157), (65, 85), (65, 485), (65, 533),
(65,965), (65, 1685), (65, 3365), (65, 10205), (85, 365), (85, 1853), (85, 3365), (85, 3485),
(85, 9605), (365, 485), (629, 1853), (1685, 3365), (2117, 2813).

Remark 2. Under the generalized Riemanu liypothesis, the number of the real bicyclic
biquadratic fields with class number 2 of the above form are exactly 118.
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