J. Math. Tokushima Univ.
Vol. 29 (1995), 1-7

On the Construction of a Special Divisor
of Some Special Curve
Dedicate to Professor Yoshihiro Ichijyo on his 65th birthday
By
Akira Ohbuchi

Department of Mathematical Sciences,
Faculty of Integrated Arts and Sciences,
The University of Tokushima,
1-1, Minamijosangima-cho, Tokushima 770, JAPAN
email address: ohbuchi@ias.tokushima-u.ac.jp
(Recieved September 14, 1995)

Abstract

Let 7 : X — C be a triple covering of curves where C is

Brill-Noether general. We prove the existence of a base point free
3h+1

2

pencil of degree d = g — | ] — 2 on a curve X which is not

composed with 7.
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0 Introduction

Let C' be a non-singular curve of genus h and let 7 : X — C be a triple covering i.e.
deg(m) = 3 and X is a non-singular curve. Let g be the genus of X. In this paper, we
investigate the problem of the existence of base point free pencils of relatively low degree
on X. By a simple application of the Castelnuovo-Severi bound, we have the following:

—3h

Lemma A (Castelnuobo-Severi bound) For any integer n > , a base point

free pencil gl is a composed with 7 i.e. the morphism m: X — P! induced by 7 is always
factors through .

On the other hand, not many things have been known about this problem. In (3], we
prove the following:

Theorem A Ifh >1 andg > (2[%—2"'—1]+1)([?’—]1—2tl+1]) and C 1is general ( in the sense

of Bril-Noether ), then there ezists a base point free pencil of degree d > g — [%2‘-"—1] -1
which is not composed with .
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Our aim is to give an extension of Theorem A. The main result of this paper is to
prove the following result.

Theorem B Under the same assuMption of Theorem A, there exists a base point free
pencil of degree d = g — [&#] — 2 which is not composed with .

NOTATIONS

O4: The structure sheaf of a variety A

f*: The pull back defined by a morphism f

f«: The direct image defined by a morphism f

deg(f): The degree of a finite morphism f

|£]: The complete linear system defined by an invertible sheaf £
¢v: The rational map defined by a linear system V'

O4(D): The invertible sheaf associated with a divisor D
I'(A,F): The global sections of a sheaf F

K4: A canonical divisor on a non-singular variety A

wa: The canonical invertible sheaf on a non-singular variety A
P(6): The projective bundle Proj(:>, Sym"é) defined by a locally free sheaf §

1 The proof of Theorem B

First we prove the following:

Proposition 1 Under the same assumption of Theorem A, we assume that h = 2e. Then
there is a component Z of W;_36_2(X),5d such that

Z ¢ mWH(C) + Wy_se—2-5(X)
foranyl > 1.
To prove the above result, we need the following lemma.

Lemma 1 Let m,(Ox) = Oc ® € and let § = —(CZ) where Cy is a minimal section of
P(E) — P'. Then there are two line bundles L, M on C such that
0-M—=E-L—-0

18 ezact and

deg(M) = —(L52 4 2379)
deg(L) = —(L530 4 236
—h<6< .L'?’#

Proof. See [3].
Q.E.D.

Proof of Proposition 1 . Let D be a divisor of degree 5¢ + 2 on C. Then
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dimI(X,O(x*D)) = dimI'(C,O(D)) = 3e + 3
dimT(X,0(r*(D + P + Q))) = dimI'(C,O(D+ P+ Q)) = 3e +5
for any P, € C by Lemma 1. Hence we have
dimD(X,0(Kx —7m*D)) =g —12e — 4
diml(X,0(Kx — (D) —m*(P+Q))) =g —12e -8
for any P, € C. Now we must prove that there are P, -, Pj_12.—¢ € X such that
dimD(X,O0(Kx —7*D — P, —+++ — Py_13.-6)) > 2

dimI(X,0(Kx —m*D — Py — -+ = Py_19e ¢ — ™ (P +Q))) =0

for any P,Q € C. We put
Xy-12¢-6 D Upyg = {F|dimI'(X,0(Kx — 7D - (P + Q) — F) = 0}
and put
Zpiq = Xg-12e-5 \ Up+q.

Now we consider ®p g : Xy-12e—6 — Wy—12e—6(X) and ¢ : X3 X Xg_12._9 — Xy_12¢-6 by

Bpio(F) = O(Kx — 7°D — (P + Q) = F,¢(A, B) = A+ B.
Let

S =S8piq =0 (W 16(X))
W =Wpyo = Xy 12.-6 \ SP+¢
and let py : X5 X Xy_12¢-9 — Xg—12¢—9 be the second projection. Then
297 (Zp+q)) D W.

Because Ky — n*D — 7*(P + @) = F is linearly equivalent to an effective divisor E' and
deg(E) = g — 3e — 5 > 3. Therefore we can take an effective divisor A; + A; + A3 C E.
Hence

(A1 + As + A3, F) € 67 (Zp4q)-

So we have

P2(¢7(ZpP1q)) = Xg-12¢-9-
Therefore

d’im¢—1(ZP+Q) = dZ.ng_lge_g =g - 12e — 9.
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We now put

Zhig = {F € ZpyoldimI(X,0(Kx — 7D — m*(P + Q) - F)) > 2}.

By the same argument of [1] p.163 (1.7)Lemma, we can easily prove that no component of
Zp4q is entirely contained in Zp, 4. So F' € Zpiq \ Zp,q implies Kx — n*(D) — n*(P +
Q) — F is linearly equivalent to some effective divisor Ey such that dimI'(X, O(E,)) = 1.

Therefore we can take a divisor z; 4+ 2 + x5 C F such that

dimI(X, O(z1 + 23 + z3 + Ey)) = 1.
We put Fy = F —xy — £9 — x3. Then

o(x1+ 22+ 23, Fp) = F
and
Fpew.

Hence

07N Zpso \ Zhyg) NP3 (W) — Zpig
is dominating. So we have a component T' C ¢~!(Zpq) such that

¢(T) = Zp+q, po(T) = Xg-12¢-9-

Hence dimZp g = g — 12e — 9. Now we consider the locus

U Zprq C Xy 12¢-6-
P+QeX;

AsdimZpig = g — 12e — 9, therefore
dim U Zprg <g—12e —T.
P+QeX;

Hence

U ' Zpig ; Xg—12¢—6-
P+QEX,

So'we can take an F'= P 4 ---Py_13.4 € X\ ] Zpsq. By the definition of Zp,q,

P+QeX;
F satisfies that

dimI'(X,0(Kx — 7D — F) > 2
dimI(X,0(Kx — D -~ F — (P +Q)) =0
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for any P,@ € C. This means O(Kx —n*D—F) € W)_;, »(X) and O(Kx —n*D—F) ¢
™ (WHO)) + Wy—_3e—2(X) for any I > 1 and P,Q € C. Therefore we have Proposition 1.
Q.E.D.

Next we prove the following:

Proposition 2 Under the same assumption of Theorem A, we assume that h = 2e + 1.
Then there is a component Z of W, _3,_4(X)rea such that

Z ¢ TWHC) + Wyse—a-ai(X)

for any 1 > 1.

.. Proof of Proposition 2.. Let D be a divisor of degree 5e + 5.on C. Then
dimT(X,O(r*D)) = dimI'(C,O(D)) = 3e+5
dimI'(X,0(m*(D + P + Q))) = dimT'(C,O(D + P + Q)) = 3e + 7
for any P,Q € C' by Lemma 1. Hence we have |
dimT(X,0(Kx — D)) =g —12e — 11
diml'(X,0(Kx — (D) - (P +Q))) =g —12e - 15
for any P,@ € C. Now we must prove that there are Pj,- -, Pj_13._13 € X such that
dimD(X,O0(Kx —7*D — Py — -+ + — Py_130-13)) > 2
dimD(X,0(Kx —m™D —P, — - — Py 1913 — 1 (P+Q))) =0

for any P,Q € C. But the proof is completely the same method of the proof of Proposition
1. A

Q.E.D.

We now prove the following result.

Proposition 3 Under the same assumption of Theorem A, we assume that h = 2e. Then

every component Z of W} 5. o(X)rea whose general element has base point is of the form
T WHC) + Wy—se—a-z(X) for somel > 1.

To prove the above result, we need the following results.

Theorem 1 IfY is a general curve of genus g, then
dimWi(Y) > g — (r+1)(g—d+r).

Proof. See [1] p.206 (1.1)Theorem.
Q.E.D.
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Theorem 2 Let Y be a curve of genus g, L € WI(YY\ W T (Y) and let u : T(Y,£) ®
IF'(Y,wy ® £L21) — I(Y,wy) be the cup product map. Then

T (Wa(Y)) = (im(p))*

where To(W,o(Y')) C HY(Y, O) s a tangent space of W, (Y) and (im(u))t is a dual space
of imu by the Serre duality pairing.

Proof. See [1] p.189 (4.2)Proposition.
Q.E.D.

Theorem 3 Let Y be a non-hyperelliptic curve of genus g > 3, let d be an integer such
that 2 < d < g—1 and let r be an integer such that 0 < 2r < d. Then

dimW5(Y) < d - 2r — 1.

Proof. See (1] p.191 (5.1)Theorem.
Q.E.D.

Proof of Proposition 3. Let ¥ C W;_3e_2(X ) be a component whose general element has
a base point. Thus

T =Tj + Wy-se-2-5(X)
for some § > 1 where I is a subvariety of W[}(X ) whose general element is a base point
free. As ,

dim W3(X) > g —6e — 6
by Theorem 1, we have that

dim 4(X) >  — 3¢ — 4.

By the assumption of Theorem A and Lemma A, 3 —3e—4 > 0. Let £ € E}; be a general
element and let mu : T'(X, £) ® I'(X,w ® £L®!) — I'(X,wx) be the cup product map.
Then

dim (imp)*t = dim T (W}(X)) > 8 — 3e — 4
by Theorem 2. By the base point free pencil trick,
dim T'(X, £L®%) — 3 > dim (imp)*.
Therefore we have
dim T > B — 3e — 4
dim T(X,£%%) > f~ 3¢~ 1> 3.
We consider a finite map
¢ : T — Wy 7*(X)
by #(L) = L®%. So we have
dimW;;_sed(X) > [ —3e—4.
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Hence
dim W}, goq5(X) = dim Wys_(5_3.5(X) > 2(8 —3e) = 7.
As 3. < g—3e—3,3+3e+3<g. Weassume that J+ 3e+ 3 = g. We first consider
P Wasers(X) — g—2(X)
by
p(L) = wx ® L&,
This is a finite map. Therefore we have
dim W}, ges(X) = dim W, _o(X) =g - 2.
Hence
g—2>2(8—-3e)—-T.

By the assumption of Theorem A, this is a contradiction. Now we assume that §+3e+3 <
g—1. Then

dim Wiig,43(X) <8 +3e+3-2-1
by Theorem 3. Hence
B<9e+7

By the assumption of Theorem A and Lemma A, this is a contradiction.
Q.E.D.

The following result is also proved by the same method of the proof of proposition 3

Proposition 4 Under the same assumption of Theorem A, we assume that h = 2e + 1.
Then every component Z of W;_36_4(X Yrea Whose general element has base point is of the
form w*WHC) + Wy_3e—a—51(X) for somel > 1.

Proof of Theorem B. By Proposition 2, Proposition 1, Proposition 3 and Proposition 4,
we have Theorem B.

Q.E.D.
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