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Abstract

In his paper [1], J.G. Goggins has shown a formula which re-
lates m and Fibonacci numbers. In our paper [2], we have proved
a generalized version of this formula. In this note, we shall prove
formulas which generalize Fibonacci number to certain binary re-
currence sequences.
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Introduction

In [1], J.G. Goggins has shown the following simple but very interesting
formula

g =3 tan"(1/Fonta), (1)

where F, is the nth Fibonacci number. We note this formula is also given as
the formula (f) in the text [5] chapter 3. Since F} = 1, we see % =tan"'(1/F).

Thus (1) is equivalent to the following formula

g =" tan"(1/Fons1). (2)
n=0

The purpose of this short note is to generalize this formula on Fibonacci
number to two formulas on binary recurrence sequences, that is, to the following
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two formulas

== > tan~!(t/uns), 3)
n=0
g = Y tan~'(t/van). (4)

n=-—oo

Here {u,} is the Lucas sequences associated to the parameter (¢, —1) and
{vn} is the companion Lucas sequences associated to the parameter (t,—1),
respectively.

First of all, let us recall the fundamental properties of u,, and v,,. Let t be a
positive integer and {u,} and {v,} be the binary recurrence sequences defined
by putting

Upt2 = tUni1 + Unp,
Un42 = tUng1 + Un,

with initial terms ug = 0,u; = 1 and vy = 2,v; = t.
Put ¢ = (t + Vt?+4)/2 and € = (t — Vvt +4)/2. Then one knows the
following Binet’s formula

{ Un = (" — &) VI + 4,

Uy =™+ &7,

Put ag, = tan™'(1/ua,) and ag,—1 = tan™!(t/ug,_;) for any positive index
n. Then we can show the following proposition.

Proposition 1. For any integer n > 1, gy = Qoni1 + Qanyo.
Proof. We have

tan(a a =
(02n+1 + Q2n42) 1 —t/(Uan+1U2n+2)  UoniiUonio —t

t/Usni1 + 1/Usnio  tusnin + Ugngr

U2n+3

Ugp+1U2py2 — T

By virtue of the Binet’s formula, we see

Up41U2n 42 —t = (52n+1 _ §2n+1)(£2n+2 _ 52n+2)/(t2 + 4) —t
— (64n+3 +E_4n+3 +e _l__&:)/(tQ _|__ 4) —t = (E4TL-|-3 _+_&:4TL+3 _ t3 _ 3t)/(t2 +4)
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On the other hand, we also have

UonUsni3 = (6271 _ E—.Qn)(62n+3 _ §2n+3)/(t2 + 4)
— (€4n+3 + gin+3 _ 3 _ 5_3)/(t2 + 4) — (54n+3 +€—4n+3 R 3t)/(t2 + 4).

Thus we have shown

1
tan(a2n+1 + Qiopt2) = ;1/_2— = tan(agn),
n

which completes the proof.

From this proposition, we have ag, — ont2 = agpy1 for any n > 1. Then
we have

o0 oo o0
Z tan™ ! (t/uony1) = za2n+1 = Z(C’Qn — Q2n+2)
n=1 n=1

n=1
= (a2 —aq) + (g —ag) + -+ + (a2n — Q2n42) + - = aa.

Since az = tan~1(1/t) = g — tan™!(t/u;), we have shown the formula (3).
Now we shall show the formula (4) similarly. Put 35, = tan™!(t/vs,) and

Bon—1 = tan~1(2/va,_1) for any positive index n. Then we can show the
following proposition.

Proposition 2. For any integer n > 1, 205, = fopn—1 — Bon+1-
Proof. We have

2/van-1 — 2/Von+1 2(Von+1 — Von—1)
tan -1 — = =
(Ban—1 = Bant1) 1+ 4/(van—1v2n+1) Von—1V2n+1 + 4

2t112n

U2n_1V2n41 +4

By virtue of the Binet’s formula, we see

Von—1Vant1 + 4 = (e20H1 4 22ntly(g2n=1 4 g2n=1y 4 4
= (e 4ty — (2482 +4 = (e +En) - (2 +2) +4
= (2 + 822 — 2 =03 —t%
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On the other hand, we have

t/von + t/von 2tvay
tan(20s,) = 1= (/0n)? = o

Thus we have shown

tan(Ban—1 — Bant1) = tan(20n),

which completes the proof.

From this proposition, we have fa,_1 — Ban41 = 2082, for any n > 1.
Then we have

ZQtan_l(t/vgn) = Z 209, = Z(/BQn—l — Bans1) = B1 = tan”(2/t).
n=1 n=1 n=1

Since v_y, = vy, one knows that tan=1(t/v_q,) = tan~1(t/va,).
Hence we have

Z tan " (t/vo,) = 2 (Z tan_l(t/vgn)> + tan~(t/vo)

n=-00 n=1
T

= tan™'(2/t) + tan~!(t/2) 5"

which completes the proof of (4).

Now we have completely proved two formulas of (4), which we shall state as
the following theorem.

Theorem. With the above notations, we have the following formulas,

o0

™ _

5= E tan™ 1 (t /uont1),
n=0

Z tan_l(t/vgn).

n=-—00

TR
I
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