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Abstract

We study decay properties of solutions to the Cauchy problem
for the collision-less Vlasov—Poisson system which appears Vlasov
plasma physics and stems from Liouville’s equation coupled with
Poisson’s equation for the determining the self-consistent electro-
statics or gravitational forces.

2000 Mathematics Subject Classification. 82D10, 82C40, 35B40

1 Introduction

We consider the Cauchy problem for the following kinetic system

Of+v-Vof +E-Vof =0  in RY xRN x (0,00) (1.1)
E(x,t) = -V, U(x,t)  inRY x (0, 00) (1.2)
f(x,v,O) :¢(‘Tav) 207 (13)

where U = U(x,t) is a potential which generates the force field £ = E(x,t).
Then, the system (1.1)—(1.3) describes the evolution of a microscopic density
f = f(z,v,t) > 0 of particles subject to the action of the force field E. We
will be mainly interested in the Vlasov—Poisson system where the force field is
self-consistent and given by

— A U(z,t) = yp(a,t), Ul(x,t) —0as |z| — oo, (1.4)
plx,t) = /f(x,v,t) dv.
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where V, = (94,5 ,0uy), Vo = (v, -+ ,0uy), Ay is the Laplacian in the
x variable, and «y is a constant. The sign v = +1 represents to electrostatic
(repulsive) interaction between the particles of the same species, while v = —1
represents gravitational (attractive) interaction (see Risken [11], Glassy [5] for
physical interpretations).

From (1.2) and (1.4), we have

¥ T

where Sy_1 is (N — 1)-dimensional volume of the N-dimensional unit sphere,
and the symbol * is the convolution in the x variable.

The existence of local solutions of the system is known for every N € N
(e.g. [3], [4], [6], [8])- The Global existence problem has been studied by several
authors under suitable restrictions (see [1], [2], [6], [7], [12], [14]).

In this paper we study decay properties of solutions to the Cauchy problem
for the Vlasov—Poisson system.

Let f = f(x,v,t) > 0 be a strong solution of the Vlasov—Poisson system
with non-negative initial datum ¢(x,v) € CH(RY x RY), where C} (RN x RY)
denotes the space of compactly supported, continuously differentiable functions
(see [9], [10]).

Our main result is as follows.

Theorem 1.1 Let N > 4 and v > 0. Then the solution f = f(z,v,t) >0 of
the Vlasov—Poisson system satisfies that

e/t = v flloy, <Cit™2, >0, (1.6)
and for 1 < q¢<1+2/N,
Ip(Olle < Cr=NOVD 450, (1.7)
and for N/(N —1) <p < N(N +2)/(N? = N —2),
|E(t)||p < Cit=NOZYN=UP) s, (1.8)

where Cy = C1([|(1 4 [z[*)@llr » [@llee,) is a constant depending on ||(1 +
[z[*)¢llr: , and ||| Le, -

Finally we fix some notation. The function spaces L% , and L mean
LP(RN x RY) and LP(RY) with usual norms ||- ||z and |||z for 1 < p < oo,
respectively. Positive constants will be denoted by C and will change from line

to line.



2 Proof

We first state the well-known convolution inequality (see for instance [13]).

Lemma 2.1 (Hardy—Littlewood—Sobolev inequality)
Let 0 < A< N and1 < qg<p<oo. Then

2| % f@)lly < Clfllipa  for f € LY
with 1+ 1/p=A/N+1/q.

The following proposition plays an important role in the proof of Theorem
1.1.

Proposition 2.2

W) FIEOR: =2 [Bgde, 5= [ora
2) N_QIIE(t)IIig =/x-Epdx, p=/fdv

2y
Proof. (1) Using (1.2) and integrating by parts, we observe that
d d
GBI = 5 [19.0Pd = -2 [vav,
= —27/U8tpdx = ZV/UVx -jdx

ZZV/VzU'jdz:fZ'y/Ejdx,

where we used the fact 9;p+V,-j =0, indeed, dp = [Opf dv = — [(v-V,f+
E-Vyf)dv==V- [vfdv=-V,-j.
(2) Using (1.2) and (1.4) and integrating by parts, we observe that

1 1
/a:-Epdv: ;/m-VwUAIde: ;Z/ka’JkU“W dx
k.j

1
- _72/6% (2£Us, U, da
i

1 2 1 2
- [vw dw+2kzj/xkau(%>dx

2=

1
IEOI; -5 3 [V da
k,j

1 9 N 9 _N-2 9
-2 (1Bl - § [1v.0r ) = T2 B0,



Proof of Theorem 1.1 Using the Vlasov—Poisson system and integrating by
parts, we observe that

d

D~ s,

:—2//(m—tv)-ufdvdx—/ |z —tv]*(v- Vo f + E-V,f) dvdz
:—/ \m—tv|2E~vadvda::—Qt//(x_w)'EdediU
:—2t/x~Epdm+2t2/E-jdx,

where p = [ fdv and j = [vf dv.
From Proposition 2.2, we have

d N —2 1,d
ﬁle - tv|2f||L;,1, =- 5 t||E(t)||2L§ - ;t2£||E(t)||ig
or
d , 1.,d , N-—4 ,
— —t —t*—||E(t = —¢|E(t .
P O A e e
When v > 0 and N > 4, we see
2 1od 2 2
[l = tol*fllzs, + ;t aﬂE(t)HLg < lz[*ollrz ,
or
1d _
||z/t — U|2f||L31W + ;%HE(UH% < |||‘T|2¢||L;)Ut 2, t>0, (2.1)

which gives the estimate (1.6).
For a > 1 and R > 0, we observe

/fdv
<

< / fdv+/ (R™2|z/t — v )M e fi=Yaqy
|z/t—v|<R |z/t—v|>R

1/a 1-1/a
< CRY|f|l e, + R </|x/t—v2fdu) (/fdv) .

Optimizing the above estimate in R, that is, taking

RN+2/a _ <C||f||L;?1))_1 </|x/t—v|2fdu>l/a (/fm)ll/a ,



we have that
/fdv
aN/(aN+2)

1/a 1-1/a
§C<|f||Z§g,U (/ |x/tv|2fdv) ( / fdv) ) T

and from the Hoélder inequality,

||/fdv||L;aN+2>/<aN>

1/a 1-1/a
< C||f”i/g<(£N+2) (/ (/Ix/t—vlzfdv) (/fdv) dx)

2/(aN 1/a 1-1/a) ¢V/ (aN+2)
< O (IFIFA™ st = 0PI 1135 -

aN/(aN+2)

Putting ¢ = (aN + 2)/(aN) (i.e. a = 2/(N(¢g — 1))), we obtain that for
1<q¢<1+42/N,

_ N(g—1 1= (g—1)\ /¢
|| / Favllg < € (IA15 M/t = wl2A1 2 DU 2 )

Here, we note that || f]lz: = [|¢llr: , indeed, &|/f|l1 = [[0:f dvdz =

—[J(v-Vuf +E-V,f)dvdz = 0. And’, f is a constant along characteristics,
indeed, since f is an integral of the system of ordinary differential equations
X=V, V=EX,¢t), t>0,

f satisfies that

and hence, | fllzx, < [4llzze, (see [9], [10]).
Thus, we have that for 1 < ¢ <1+ 2/N,

N(1_
I [ favli < cillofe—oPIEC 2,
and from (2.1),
lo(@)llzs = I / Fdollys < CrNOYD 45,

which implies the estimate (1.7), where C1 = Cy([|(1 + |z[*)@|l 21, |0]lL,) is

a constant depending on [|(1+ |z[*)@] L1 = and [¢| Lz, .

x,v



Moreover, using Lemma 2.1 with A = N — 1, we obtain

x
1By < CIIW * (0]l < Clip(t)] L

S Clt—N(l—l/N—l/p) , t > 0

with 1/p = 1/qg — 1/N, 1 < ¢ < (N +2)/N, i.e. N/(N —1) < p < N(N +
2)/(N? — N — 2), which implies the estimate (1.8). O
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