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Abstract

In the paper [11], the second author considered a conjecture on
the fundamental units of certain family of real quadratic fields re-
lated to Fibonacci numbers. In this paper, we shall investigate this
conjecture more precisely in section 3, using the constant terms of
the abc conjecture. We also prove the conjecture in section 4 for
some special cases, using the integer points of several elliptic curves.

2010 Mathematics Subject Classification. Primary 11R17; Sec-
ondary 11B39, 11D25 and 11G05

1 Introduction

The well known abc conjecture of Masser-Oesterlé states that

The abc Conjecture. (cf. [15], [22])
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For any € > 0, there exists a constant K (¢) depending only on & such that if
(x) a+b=c

where a,b and ¢ are coprime positive integers, then the following inequality
holds
c < K(e)rtte,

Here r is defined by putting H p and called the radical of abc.
plabe

The following diophantine equations are called the simultaneous Pell equations
2 —az2=1

OR St
where a,b are distinct positive integers such that a,b and ab are not perfect
squares. Recently considerable works have been done on the number of positive
integer solutions of simultaneous Pell equations by various mathematicians (see
for instance [1], [2], [25] and [26]). It was proved the number of positive integer
solutions to be at most two in general and was proved at most one for several
families of simultaneous Pell equations (see for example [26]).
It is easy to see the positive integer solution (z,y, z) of (1) determine two units
x + zy/a and y + 2v/b of real quadratic fields Q(y/a) and Q(v/b) respectively.
Let &, and &, be the fundamental units of Q(y/a) and Q(v/b). Tt is a natural
problem to investigate the group indices e(a) and e(b) which is determined by
e(a) = [(—1,4) : (1,24 2y/a)] and e(b) = [(—1,&p) : (—1,y + 2v/b)]. Though
there have been many progress concerning the simultaneous Pell equations,
these properties were treated only in [25] for the special cases a = 2d and b = d.
In [25], G. Walsh has proved e(2d) = 1 in general, but e(d) was not treated
explicitly. In our previous papers [10], [12] and [13], we have investigated more
general cases and shown e(a) = e(b) = 1 under the abc conjecture. It should be
noted our results include the index e(d) = 1 of [25] as a special case. However
in those papers, we have utilized the results on the square free part of binary
recurrence sequences of P. Ribemboim and G. Walsh [23] depending on the abc
conjecture. Since their results are asymptotic, our conclusions obtained in our
previous papers are also asymptotic.
In this note, we shall show more explicit and precise conclusions for the fol-
lowing special family of simultaneous Pell equations using the abc conjecture
directly.

22 —bhdz? =1 22 —bdz? = -1
o ms e m

We note that our conclusions on the indices e(5d) and e(d) contain the abc
constant K (e) explicitly. Our methods may work for more general cases which
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we have treated in [12] and [13], but here we restrict ourselves to the above
two special cases for the sake of simplicity. We also note that the latter system
of simultaneous Pell equations (3) which corresponds to the Pell equations
with norm —1 have been rarely covered by recent papers. Finally we quote
that S. Mochizuki has announced that he had proved the abc conjecture in
his preprints [17], [18], [19] and [20] in 2012. Hence it will be of some interest
to investigate the above simultaneous Pell equations and give explicit results
containing the abc constant term K (). In the next section, we will investigate
the asymptotic behavior of the square free part of Fibonacci numbers and
prepare several preliminary propositions in the first four sections. We shall
show those explicit results on our simultaneous Pell equations in section 5.
At last, we shall report the numerical data which suggests our results on the
fundamental units of Q(v/d) and Q(v/5d), where d is the positive square free
integer in the simultaneous Pell equations (2) and (3).

2 Square Free Part of Fibonacci Numbers

Let 0 be a fixed positive constant such that 0 < § < 1. Take a positive
number ¢ which satisfies 0 < € < %5. Then, from the assumption 0 < 6 < 1,

we know that ¢ < % For any positive integer m, we shall write s(m) to be
the square free part of m and q(m)? to be the perfect square part of m, that
is, m = s(m)q(m)?. Let F, and L, be nth Fibonacci number and Lucas
number, respectively. Though the following property on the square free part of
Fibonacci numbers has been proved in [23], we shall give a simple and direct

proof as follows.

Proposition 2.1 Under the abc conjecture, there exists a positive constant
N(d,e) which depends only on § and e, such that, for any 0 < 6 < 1 and
n > N(d,¢)

Fy 7% < s(F,) < F,.

Proof. Since F,, = s(F,)q(F,)?, we know
F576 < s(F) = S(Fn)lig(I(Fn)z*% < s(F) <= Q(Fn)2725 < S(Fn)é'

Suppose on the contrary s(F,)° < ¢(F,)??. Take 0 < e such as 0 < & < ;5.
Applying the abc conjecture to the equation L2 —5F2 = 4(—1)", we get 5F2 <
K (g)r'*=. From the assumption s(F,)? < q(F,)*~?%, we know

s(Fa)a(F) = s(Fy) =3 s(F)2q(F,) < s(F,) =5 q(F,)?

I
-
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Therefore, combining the fact L2 < 5F2 4+ 4 < 10F?2, the radical r satisfies the
_s
inequality r < 10L,s(F,)q(F,) < 10V 10F. 2. Thus we have

343e _3+3c 242 IHIe
2 Fn

_ 9
5F2 < K(2)(10V10F, 2)'e = K()272 52 2

5—(4—68)e R R e
and then F,, > < K(5)2¥5¥. Put g = w. From the assump-

tion 0 < e < ﬁié, we see dg > 0. Hence we can show the following inequality

n—1

P

V5

where ¢ is the golden ratio ¢ = # Taking the log of the above inequality,
we have

3+3c _3+43c L
5 26)50

)

< F, < (K(¢)2

3+e) o, CHO1+e)

log (K (6))+m 2(6 — (4—10)e)

(n—1)logp < log 5.

oz
d—(4—9)e
We will denote N (4, ¢)

B4e) |y, CHO+S)

z e+ 55 200 — (4= 0)2)

2

Thus we have shown that the assumption s(F,)° < ¢(F,)?>~2 implies n <
N(6,¢). Therefore, for any n > N(J,¢), s(F,)° > q(F,)* %, ie., F}79 <
s(Fp) < F,, under the abc conjecture, which completes the proof.

In section 5, we shall use this proposition to show the growth of the sequence
of d which has the positive integer solutions of the simultaneous Pell equations
(2) or (3).

3 Explicit Bound

Here we shall notice that the simultaneous Pell equations (2) and (3) imply

2% — by? = ¥4, that is, x = L,, and y = F,,, where L,, and F),, are nth Lucas
number and nth Fibonacci number, as before. Combining the fact F2+(—1)" =
anan+1 and (an,an+2) = ]., we have d = S(F22n+1 — ].) = S(FQR)S(F2n+2)
in (2). Moreover © = Loyy1, Yy = Font1 and z = q(Fop)g(Fongo). Similarly
in (3), d = s(F3, +1) = s(Fon_1)s(Font1), © = Lap, y = Fy, and z =
q(F2n-1)q(Fan+1).-
In the following, we shall consider the cases 2|F,, and 2 JF,, separately, because
we should apply the abc conjecture to the different equations according to the
conditions 2|F), or 2 {F,,. We shall obtain the following constant containing the
constant term K (%) in the abc conjecture

2 log(K (1)) +30log3 + 3log5 — 121og 2 + log ¢

N =
r 2log p
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We shall show the following proposition.

Proposition 3.1 If n > Np then we have

s(Fp)? > 2q(F,), under the abc conjecture.

Similarly we shall determine the following constant Ny, and prove the following
proposition.
L log(K (1)) +30log3 + Tlogh — 121og 2 + log ¢

N =
o 2log ¢

Proposition 3.2 If n > Ny then we have
s(F,)? > 10v5q(F,), under the abc conjecture.

Here we shall give a table of small Fibonacci and Lucas numbers for the readers
who are not familiar with the properties of these numbers.

n |0|1|2|3|4]5 |6 |7 ]|8|9]|10 |11 12
F, |01 315 | 8 |13 [21 (34| 55 | 89 | 144
L, 2134|711 |18 |29 |47 | 76 | 123 | 199 | 322

—_
()

Since the period length of Fibonacci number mod 2 is 3, that is, F,, 13 = F3
mod 2, we see that
F5,=0 mod 2<=n=0 mod 3, and F5,41 =0 mod 2<=n=1 mod 3.

Case 1. We shall consider the case n Z 1 mod 3. Since 2 |/ Fy, 11, we know
(Lant1,5F5n4+1) = 1. Then we can apply the abc conjecture to the following
equality

Lgn-{-l - 5F22n+1 = —4.

We note that L3, < L3, +4 =5F3, ;. Suppose s(Fa,11)* < 2¢(Fany1)
under the abc conjecture. Taking ¢ = 1/5 in the abc conjecture, we have

5F2,. < K(1/5)r!+s,
where 7 is the radical of 10F%,,41Lo,+1. Hence
7 < 10L2p115(Font1)q(Font1)-

Since Lopi1 < V5Fs,41 and S(F2n+1)% < 2%q(F2n+1)%, we know

aleo
aloy

il

2 3 g
7 < 2% 5% (V5Fpi1) X (8(Fant1)q* (Fant1))s x 25 =25 x 52 x Fy .
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Thus . , . .
5F5,.1 < K(1/5)(2°5 x 52 x Fy, ,,)7.
Hence ) » }
FPP | < K(1/5) x 2% x 55.
Then
(p2n+1 25 18 10
v < Fopy1 < K(1/5)2 x2°° x 577,
where ¢ = % Taking the log of the above inequality

25 21
(2n+1)logp < 5 log(K(1/5)) + 18log 2 + 5 log 5.

Hence we can conclude
2 log(K(1/5)) 4 18log2 + 2 log5 — log ¢

<
" 2log ¢

Case 2. Consider the casen =1 mod 3. Then 2|Fy,, 1 and (Lay+1/2,5F2,41/2) =

1 in the following equality
(Lony1/2)? — 5(Fani1/2)* = —1.

In the same way as above, the assumption s(F,41)? < 2¢(Fapn11) and the abe
conjecture implies

%log([((%)) —2log2+ Z log5 — log ¢
2log ¢

n <

Case 3. Consider the case n Z 0 mod 3. Then 2/F,, and (La,,5F%,) =1 in
the following equality
L3, —5F; =4.

Thus L3, < 5F3, +4 < (%an)Q for n > 3. Suppose s(Fp,)? < 2q(Fa,).
Applying the abc conjecture to the above equality with e = 1/5, we have

5F2, < K(1/5)rs,
where r is the radical of 10F5, Lo,. Thus
r< 2X5x LQnS(FQn)q(FQn).

Since Lo, < %an and s(an)g < 2%q(F2n)%, we know

wlw

9 2 1 _4 2 H
r<2x5 ZF2n (S(FQn)q (an)) X 25 =275 x 3 x 5F2n
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Thus , s
5Fy, < K(1/5)(275 x 3% x5 x Fy))5.
Hence , o N )
F < K(1/5) x 272 x 3% x55.
Then
! 25030 L 9—12 U £3
7<F2n,1<F2n<K(1/5)2 x 3°Y x 2 X 5”.
Hence

25 )
(2n—1)logp < ?1og(K(1/5)) +30log3 —12log2 + 510g 5.

Then we can conclude

2 log(K(%)) +30log3 — 12log 2 + 3 log 5 + log ¢

" 2log o

Case 4. Consider the case n =0 mod 3. Then 2|F5,, and (Ls,/2,5F5,/2) =1
in the following equality

(Lan/2)? — 5(F2,/2)% = 1.
In the same way as above, the assumption s(Fy,)? < 2¢(Fy,) implies

2 log(K (%)) + 30log3 — 32log2 + 3log 5 + log ¢

"= 2logp
Put
N, — 2*2510%(-’((%))+1810g2+%10g5—10g<p
o 2logp ’
N, — %log(K(%))*2log2+22*110g5710g<p
’ 2logp ’
N, — B Jog(K (L)) +30log3 — 121og 2 + 2 log 5 + log
2log ¢ ’
N, = %log(K(é))+3010g3—32log2+3log5+log<p
2logp :

Since max(N7, No, N3, Ny) = N3, put

2 log(K(%)) +30log3 — 12log 2 + 3 log 5 + log ¢

N :N =
F s 2log ¢
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Then, for the case n > N, the following inequality holds
s(Fn)? > 2q(Fy).

Thus we have proved Proposition 3.1.

Now we shall show the explicit unit F,,++/F?2 + (—1)" is not a higher power
t+4/t2 4+ (—1)n
2

4
of the other unit of the quadratic field Q(\/F2 + (—1)") =
Qv + (=1)"4).

We consider the cases Fa,i1 + 1/ F3, 1 — 1 and Fa, + \/F3, + 1 separately.

k
t+Vt2 —4
Suppose Fo,11 + ,/FQQH_H —1= <+2> for k > 5. Then

t+ Vit —4 * o(t) Fur(t)VEE —4
2 - 2
associated to the pair (k,1) and vg(t) is the companion Lucas sequences asso-
ciated to the pair (k,1). Thus uy and vy are the binary recurrence sequences
which satisfy

, where uy(t) is the Lucas sequences

Ug41 = tUk — Ug—1, V41 = TV — Vg1
with initial terms up = 1,u7 = 1 and vg = 2,v1 = ¢ (¢ > 3). Hence we have

62 (t* — 4
F3 .,—-1= % Thus we have s(F3,,; — 1) <t* —4, and

uk(t) _ us(t) _ th—3t2 +1

2
q(Fyqq — 1) = 5 5 5
Then from the condition ¢ > 3 we have
4q(Fg = 1) >2(t* =32 + 1) > (* — 4)? > s(Fy,, — 1)2

On the other hand, from Proposition 3.1, we have s(F,)? > q(F},) for n > Ng.
Since (Fop42, Fon) = 1, we have

$(F3yp1—1)? = 8(FanFany2)? = 5(Fon)?s(Fany2)? > 4q(Fon)q(Fang2) = 4q(F3, 1 —1),

which contradicts the above inequality. Hence we can conclude that if Fo, 11+

k
t+Vt2 -4
\/m is the power of some unit <+2> , then £ < 4 under the

abc conjecture.

Now suppose Fy, +/F3, + 1=

k
2
(W) for k > 5. Then

2 2 ’

<t+ V2 +4>k _ wlt) Fu()VE +4



The abc Conjecture and Square Free Parts of Fibonacci Numbers 13

where wuy(t) is the Lucas sequences associated to the pair (k, —1) and vy(¢) is
the companion Lusas sequences associated to the pair (k, —1). Thus u and vy
are the binary recurrence sequences which satisfy

U1 = tU + Up—1, Vg1 = t0, + Vg1

with initial terms ug = 1,u; = 1 and vg = 2,v1 =t (¢t > 3). Hence we have

up(t)2(t2 + 4)

F2 +1= . Thus we have

4
s(F2,+1) <t? +4,
and . )
t t t 3t 1
q(F22n+1)Zuk2()Zu52(): +2 +

Then we have
4q(F3, 4+ 1) > 2(t* +3t2 + 1) > (1 +4)* > s(F3, + 1)

for the case t > 3. We shall consider the cases ¢t = 1 and 2 in later. On the
other hand, from Proposition 3.1, we have s(F},)? > ¢(F,) for n > Ng. Since
(Font1, Fan—1) = 1, we have

s(F3,41)? = 5(Fant1Fon-1)" = s(Font1)*s(Fan—1)" > 4q(Fany1) (Fan—1) = 4q(F3,+1),

which contradicts the above inequality,
Now we shall consider the exceptional case t = 1. Here we use the symbol
a = [J if the integer a is a perfect square. Then

k
145
Fon +\/F3, +1= < +2\[>

for some k implies F3, +1 = Fy,,_1Fo,11 = 5. It was proved by J. H. E. Cohn
in [3] that when n > 0, F,, = 0 <= n = 1,2,12 (see for details Proposition
5.1). One can easily examine no such case occurs.

Now we shall consider the exceptional case t = 2. Then

Fop 4+ F3, +1=(1+v2)F

for some k implies FZ, + 1 = Fy,_1F5,41 = 20. From Cohn’s result we must
have n = 1 and Iy + «/FQ2 + 1 is the fundamental unit 1 + /2 for this case.
Thus under the abc conjecture, if n > Np, Fy, + \/F3, + 1 is the power of

<t+ NG +4>k
2

some unit , then k is also satisfies & < 4.
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Proposition 3.3 (Assuming the abc conjecture) In the case n > Np,

k
t+ 4/t —1)"74
Fn—&—\/F,%—f—(—l)”:( + —’2_( ) ) implies k < 4.

We can determine NNy, in the same way as above. We must consider the
following 4 cases separately,
Case 1) Consider the case n # 1 mod 3 and suppose s(Fa,11)? < 10v/5q¢(Fapy1)-
Then we have
L log(K (1)) + 18log2 + 15log5 — log ¢
2log ¢

Case 2) Consider the casen = 1 mod 3 and suppose s(Fa,11)% < 10v/5q¢(Fapy1)-
Then we have

n< Nj=

L log(K (1)) —2log2 + 15log5 — log
2log ¢

Case 3) Consider the case n Z 0 mod 3 and suppose s(Fz,)? < 10v/5q(Fay,).
We shall write down this case explicitly. Then s(L2, + 1)s(5F2,_1Foni1) >
s(Fan—1Font1)

n< Nj=

. In the case n > 3, we know Lo,, < ngn. From the assumption

5
5(Fyn)? < 10v5q(Fyy,), applying the abc conjecture to the equation L3, —
5F3 = 4 we have the inequality 5F3, < 5. From the assumption we obtain

9
r S 10L27L5(F2n)q(F2n) S 2 x 5 <4F2n> S(an)%(lo\/g)%Q(F%)g

8
Hence the radical satisfies r < 275 x 32 x S%F;n. Then
48
5F2, < K(1/5) x 273 x 3% x 5% F25
Thus we have , y . N
F < K(1/5) x27% x 3% x5%.

Hence
2n—1

V5
Taking the log of the both hand side, we have

< Fypoy < Fop < K(1/5)% x 2712 x 330 x 57,

L log(K (1)) +30log3 — 12log2 + 2 log 5 + log ¢
2log ¢ '

Case 4) Consider the case n = 0 mod 3 and suppose s(Fz,)? < 10v5q(Fay,).
Then we have

n < Nj=

2 log(K(%)) +30log3 — 32log 2 + 22 log 5 + log ¢

< Ny=
" 4 2log ¢
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Ny, denotes max(Nj, N4, N}, N;) = Nj. Then under the abc conjecture, s(F,)? >
10\/5q(Fn) for n > Ny,. Thus we have proved Proposition 3.2.

Now we shall show the explicit unit L,, + /L2 + (—1)" is not a higher power
t+ 2+ (1)

4
5 of the quadratic field Q(y/L2 4+ (—-1)") =

of the other unit

Q12 + (=1)"4).
Since s(F},)? > 10v/5¢(F,,) for n > Ny, we know

5(Fn-1)?s(Fny1)® _ 10* X 5q(F—1)q(Fny1)
52 ~ 52

= 4(5q(Fn-1)q(Fat1)) 2 49(5Fn—1Fn11) = 4q(L*+(~1)").

Hence we have s(L2 + (=1)") > 4q(L* + (=1)"), for n > Np. If L, +

k
t+ /2 + (-1)"4
L2 4 (-1)" = ( il ;_< ) > for k > 5, we have s(L2 + (—1)") <

4q(L? 4+ (—1)") in the same way as above for the case t > 3. Thus L, +

k
T = <t+ Vi ;(—1)n4>

we shall take care of the following exceptional cases t = 1 and ¢ = 2, that is,

1+5
2

Since L3, +1 = 5Fy, 1F5,41, the above equalities imply one of F, ; and
Fy, 41 is square or 2 times square. Using Cohn’s results F,, = [0 <= n =
1,2,12 and F,, = 200 <= n = 3,6. we can conclude that there are only two
cases

3
14++5
L0+\/L3+1—2+\/5—< 5 >,L4+\/Li+1—7+ﬁ—(1+ﬁ)3.

k
t+/t2+ (—=1)"4
Combining these, if L, + /L2 + (—1)"* = ( i ;_ (=1 ) for some k,

then £ < 4.

5(L3L+<_1)n)2 - 5(5Fn—1Fn+1)2 2

implies k£ < 4 for the case t > 3. Now

k
Lo, + L§n+1:< ),andL2n+ L3, +1=(1+V2)k

Proposition 3.4 (Assuming the abc conjecture) In the case n > Ny,

k
t t+(—1)4
L, + L%—k(—l)”:( - ;( ) ) implies k < 4.
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4 Cube Power and Elliptic Curves

In this section, we shall determine the exceptional n and ¢ such that

3
t t2 —4
Fonir+\/F3 1 —1= (T) for some t > 3,

3
t+Vt2+4
Fop, +\/F}, +1= <+2+> for some t > 1,
3
t+Vt2 —4
Lony1+/L3, .1 —1= <+2> for some t > 3,

3
t+Vt2+4
L2n+\/L§n+1<jL2+> for some t > 1.

Our strategy is to change these problems to the determination of integer points
on corresponding elliptic curves. Let us consider the first case

<t+\/t2—4>3:t(t2—3)—|—(t2—1) 214

or

2 2

t(t? - 3)

Then F2n+1 = B)

for some ¢ > 3. Since L3, ,, — 5F5, ., = —4, we have

(10Lay41)? = (5%)(5t* — 15)2 — 400.
Put X =5t2 —10and Y = 10L2y,41. Then we obtain an elliptic curve
E:Y?=X3-75X —150.

t(t? —3)

Then the solutions of Fy,, 11 = — correspond to the integer points on the

above elliptic curve. The discriminant of this elliptic curve is A(E) = 26.32.5%
and Nagell-Lutz’s theorem states that Ey,,.(Q) = {O}, i.e., trivial. Moreover
the conductor of E is 10800 and the Mordell-Weil rank of E is one. Actually
this curve is called 10800bt1 in Cremona’s table [4]. We can show E(Q) 2 Z =
(P = (—5,10)). Then we must verify when nP is integer points. Using the
methods developed in [5] with the help of LLL-reduction, n is bounded up to
10. We have calculated all the cases 1 < n < 10 and verified nP ¢ E(Z) for
|n| > 3, that is,

E(Z) = {+P,£2P} = {(—5,£10), (10, +10)}.
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X =5t =10 = —5 and 10 imply ¢ = 1 and 2. Since for ¢ > 3, there exists no

t(t? -3
case such that Fy, 11 = %

Proposition 4.1 There ezists no n and t > 3 which satisfy

3
t+Vt2 —4
Fonir [ Fga = 1= <2> |

We can treat the following case similarly
t+ V2 +4
s T ()

(t VR + 4)3 P 43) + (24 1)VE 4

3

Then

2 2

t(t* +3)

5 for some t > 1 in the equality L3, — 5F3, = 4. Then

Suppose Fy, =
we have
(10Lay,)? = (5¢2)(5t% + 15)2 + 400.

Putting X = 5t + 10 and Y = 10Ls,,, we get an elliptic curve
E:Y?=X3%—-75X +150.
t(t* +3)
2

elliptic curve. The discriminant of this elliptic curve is also A(E) = 2°-32 .54
and we can verify E,-(Q) = {O}, i.e., trivial. The conductor of E is 5400 and
the Mordell-Weil rank of E is one. This curve is called 5400051 in Cremona’s
table and E(Q) 2 Z = (P = (—5,20)). In the same way as above, we have
examined nP ¢ F(Z) for |n| > 3. Hence we can conclude

The solutions of Iy, = correspond to the integer points on the above

E(Z) = {+P,+£2P} = {(—5,£20), (10, +:20)}.

Thus X = 5t + 10 = —5 and 10 imply ¢ = 0. Since for ¢ > 1, there exists no
tt*+3
case such that Fy, = %

Proposition 4.2 There exists non and t > 1 which satisfy

t+Vt2+4
e (e

3
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Now we can treat the following case similarly

3
t+Vt2 -4
Lony1 +4/L3, 1 —1= (4_2> , for some t > 3.

Putting X = 5t2—10and Y = 50F%, 41, we have obtained the following elliptic
curve

E:Y?=X3-75X + 2250.

t(t? —3)

The solutions of Lgy, 11 = correspond to the integer points on the

above elliptic curve. The discriminant of this elliptic curve is A(E) = —210.
3357 and F;,,(Q) & Z/2Z = (Q = (—15,0)). This curve is called 3600d1 in
Cremona’s table and the Mordell-Weil rank is one. We can show

EQ) 277 x 7= (Q = (—15,0)) x (P = (—5,50)).

In the same way as above, we have examined m@Q + nP ¢ E(Z) for |n| > 5.
Calculating these cases

E(Z) ={Q,+P,+2P,Q + P.Q + 2P,Q + 4P}

= {(~15,0), (=5, £50), (10, £50), (45, £300), (9, £48), (9585, +938400)}.

X = 5t2 — 10 implies t = 1 or 2. Since for ¢ > 3, there exists no case such that
t(t? —3)

L2n+1 - 9

Proposition 4.3 There exists no n and t > 3 which satisfy

3
t+Vt2—4

Finally we shall consider the following case similarly

3
t+Vt?2+4
Lon +1/L3, +1= <+2+> , for some t > 1.

Putting X = 5t + 10 and Y = 50F%,,, we have obtained an elliptic curve
E:Y?=X3-75X —2250.

t(t* +3
The solutions of Ly, = % correspond to the integer points on the above

elliptic curve. The discriminant of this elliptic curve is A(E) = —210 .33 . 57
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and Ey,,-(Q) 2 Z/2Z = (Q = (15,0)). This curve is called 180061 in Cremona’s
table and the Mordell-Weil rank is one. We can show

E(Q)=7/7 x 7 = (Q = (15,0)) x (P = (30, 150)).

In the same way as above, we have examined mQ@Q + nP ¢ E(Z) for |n| > 3.
Hence

E(Z) = {Q,+P,Q+P,Q+2P} = {(15,0), (30, +150), (55, +-400), (399, £7968)}.

Then X = 5t2 4+ 10 implies t = 1,2 or 3. t = 1 corresponds to the case Ly = 2

and
1+45 ’
L0+\/L8+1_2+\/5—< 5 )

t = 2 corresponds to the case Ly = 7 and

Ly+ /L2 +1=T+5V2=(1+V2)

t = 3 corresponds to the case Lg = 18 and

3
34+ 13
2 _ —
Lo +1/L2+1=18+5V1 _< 5 )

Hence we have shown the following proposition,

Proposition 4.4

3
t+Vt2+4
Loy +1/L3, +1= <+2+> , for somet>1

if and only if n =0,2 and 3.

Now we shall quote some related problem which is called Eisenstein’s problem.
Let D be a positive integer congruent to 5 mod 8. In 1844 Eisenstein asked
when the following equation has the odd solutions X and Y

(5) X? - DY? = 4.

Let ¢ and ¢* be the length of the continued fraction expansions of /D and
@, respectively. In [8], P. Kaplan and K. S. Williams have given a necessary

and sufficient condition when the equation z? — Dy? = —1 is solvable, i.e.,
{=¢*=1 mod 2 as follows.

Proposition 4.5 ([8]) The above equation (5) is solvable if and only if £ = £*
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mod 4.

More general conditions for the solvability of Eisenstein’s problem have been
investigated in [7] and [16]. We can verify that L2 + (—1)" and hence s(L2 +
(—1)") is congruent to 5 mod 8 for the case n = 6m. Put D,, = s(L3,, + 1).
Though we could not use the above criterion for D,,, because we could not
express the exact value D,, explicitly. But the existence of the explicit unit

Lewm ++/L3,, + 1 of Q(v/D,,) will play as a key ingredient as follows. Suppose
that there exists an odd solution X and Y for the equation X2 — D,,Y? =

4. Then the fundamental unit ¢ of Q(v/D,,) must be written in the form
to+\/t3 +4
% with odd tg. Then the explicit unit Lg,, + \/Lgm + 1 is expressed

as 3% for some k > 1. From Proposition 4.4, we see that it occurs if and only
if m = 1. Thus we have proved the following theorem.
Theorem 4.1 With the notations, the following equation has the odd solutions
X and Y if and only if m =1,

X?-D,Y?=4.

Let £,, and £,,,* be the length of the continued fraction expansions of v/D,,, and

7”’32"”’1, respectively. Then combining Proposition 4.5 and the above theorem,
we can state the following corollary.

Corollary 4.1 With the above notations

by =0, mod 4= m=1.

Numerical examples. Since LZ +1 = 325 = 52 - 13, we see D; = 13 and

the length of the continued fraction expansions of /13 and @ are 5 and
1 and hence /1 =5 =1 = /] mod 4. In the case Dy = 103685 = 5 - 89 - 233,

the length of the continued fraction expansions of v/103685 and 7”03285“ are
1 and 3 and hence ¢o = 1% 3 = {5 mod 4.

5 Simultaneous Pell Equations

We shall recall our previous results in [12] which determine all n such that

2 2
t+ Vit +4 t4+ V12— 4
Fonpr +\/F3 1 —1= <+2+> for some t > 1, or (4_\/27>
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for some t > 3, and

2 2
t 244 t 2 —4
Lo + Ty 1= (ﬁ) for some £ 1, or (T)

for some t > 3.

For the sake of completeness, we shall give the sketch of proofs of our results
as follows. We shall prepare the following elementary lemma on the properties

on Fibonacci and Lucas numbers.

Lemma 5.1

Fopni1Lon = Fyny1 +1,
Fon 1Loy = Fup 1+ 1,
5F,_1F2p = Lyp—1 + 1,
Loy Layni1 = Lapyr + 1,

Fonlopt1 = Fapy1 — 1,
FonLon 1= Fip 1 — 1,
5F5,y1F2, = Lapg1 — 1,
Loy_1L2p = Lypy1 — 1.

We can verify the first case of this lemma, using Binet’s formula as follows. Let
us denote ¢ = % and ¢ = 177‘/5 Then

(S02n+1 _ ¢2n+1)((p2n 4 ¢2n) <p4n+1 _ ¢4n+1 4 0 — @ _

Fopp1Loy, =

V5

V5

One can easily verify other cases similarly. Here we shall recall J. H. E. Cohn’s
results in [3] which we have already mentioned.

Proposition 5.1 ([3], [21]) F,, and L, (n > 0) satisfy

F,=0 <+= n=0,1,2o0r12
F,=20 < n=0,30r6
L,=0 <« n=1o0r3
F,=20 < n=0o0r4

Here we shall recall the case

rree

=

Fn:FOZO,F3:2 O’/'F6:2°22,
n:L1:10T‘L2:22,
n=DLo=2orLg=2-32

&~

2 2
t+Vt* +4 t4+ V12— 4
Fing1+/Fi 1 —1= <+2+> for some ¢ > 1, or (T) .

Since

2
<t+\/t2j:4> 2424 /(2 +2)? -4
2 N 2 '

F4n+1+1.

n:FOZO,FliFQZ]. 07’1*—'12:1227
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the above equality shows Fy,, 11 F1 = 200, that is, Fo, Loy+1 = 20 or Foyy 1 Loy, =
200. Thus at least Lo, = 0,200 or Lo,41 = [0,200. From Proposition 5.2,
Ly =2,L1 =1,Ly3 =2o0r Lg = 18, and F} +1 = 2, i.e.,, n = 0 is the only
case. Since F2 —1 = 0, it is not the case. In the same way, one can check
finitely many candidates and there is no n except the case Li; + /L3, — 1 =
199 + 20199 = (10 + 3v/11)2.

Proposition 5.2 With the above notations, there exists no n

2 2
t+Vt2+4 t+Vt?2—4
Fopp1+y/F3, 1 —1= <+2+> (resp. <+2> ) for some t > 1

(resp.t >3 ), and

2 2
t+ V244 t+Vit2—4
L2n+1+\/m = <+2+> (resp. (4—2) ) for some t > 1

(respt >3 ) <= n=>5.

Now we shall recall our conclusion in section 3 and 4. In section 3, we have
proved, for the case n > Np,

k
t+ /12 —1)n4
F,+VF?4+(-1)" = ( + ;r( ) > implies k < 4,

under the abc conjecture. In section 4, we have examined,

r s VR £ (O

3

, we have verified

4 2
. <t+\/t2j:4> <t2i2+\/(t2i2)2—4>
Since f = 9

k
t+ /12 —1)n4
Fn—i-\/Fﬁ—#—(—l)"#( i ;L( ) > for any k > 2.

Theorem 5.1 (Assuming the abc conjecture) In the case n > Np,

k
Fo+VE2+ (1) # (tJr\/tZ;F(W) for any t,m and k(> 2).
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In the same way as above, from the fact Ny > 6, we can show the following
similar result.

Theorem 5.2 (Assuming the abc conjecture) In the case n > Ny,

k
Lo+ VI2 + (1) # <t+\/t2—2’—(m) for any t,m and k(> 2).

Let us denote the set of positive integers {D,, = s(F2 + (—=1)") | n > 2} by D
and max{D,, € D | n < Np} by Dy. Then as a corollary of this theorem, we
can show the precise description of the existence of positive integer solutions
of our simultaneous Pell equations (2) and (3) as follows.

Theorem 5.3 (Assuming the abc conjecture) The simultaneous Pell equations

2 —5dz2 =1 22 —5dz? = —1
(2){ yQ—dZQZI 7(3){ yQ—dZQZ—l

have positive integer solutions if and only if d € D. The number of positive
integer solutions of (2) or (3) is at most one for the case d > Dy, and d is
expressed as d = s(F2+(—1)") for some n > Ng. Moreover the unique positive
integer solution (x,y,z) is given by x = L,y = F,, and z = q(F? + (—=1)").

Finally we shall show that d € D grows exponentially under the abc conjecture.
Analogous result has been obtained by G. Walsh in [25]. By virtue of the Binet’s
formula, it is easy to show

—<F, ="K
3 " NG
On the other hand, assuming the abc conjecture, we have proved that, for any
0 such that 0 < § < 1, the following inequality holds for sufficiently large n in
Preposition 2.1.

n n_ (1 n n
® " —(1/) %fornzél'

Fy=0 < s(F,) < F,.
Since D,, = s(F2 4+ (—=1)") = s(Fy—1Fnt1) = s(Fn_1)s(F,+1), one can see

1-6

1 2n 1 2
- "< D, < =,
( 9) <D,y < 2
Denote C(8) = (1/9)*7%. Then we have obtained the following exponential
growth of D,,.
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Theorem 5.4 (Assuming the abc conjecture) Let D,, denote in increasing order
d € D, that is, d with (2) or (8) has a solution. Then, for any 0 < § < 1, there
exists a constant C(9) which satisfies

1
C(0)*" < D, < ZgDQ".

6 Biquadratic Fields

Let K = Q(+/dy,/dz) be a real biquadratic field. ki, ko and k3 denote the

real quadratic subfield Q(v/d1), Q(v/dz2) and Q(v/d1dz), respectively. Let €1, ez
and €3 be the fundamental units of k1, ko and k3. Fx denotes the unit group
of K. Then the Hasse unit index Qg of E = (—1,e1,e2,e3) in Ef is defined
by the group index [Ef : E]. We note here that Qg is known to be 1,2 or 4
(see for example [24]). Let hy, be the class number of the real quadratic field
k; and hg be the class number of the biquadratic field K. Then the classical
Dirichlet’s class number formula states that

Qk

hi = hk1 Py Py -

Now we shall recall our previous results on K = Q(v/5,/F3 + . Then
ki = Q(V5), ks = Q(F2+ (-1)") and k3 = Q(\/L2 + (— )") and g1 =
1+T\/5 = . We verified Qg = 2 for the cases n = 2,3,4,5,6,11 and 13 and
Qx =1 for other cases.

Proposition 6.1

(—1,e1,/22,¢€3) forn =11,
< 1 617627\/>3> forn:5,

Ex =4 (—1,e1,62,/€263) form =3 or 13,
< 1 51,62,\/616263) forn = 274 or 6,
(—1,e1,e9,¢3) otherwise.

Put ho = hp and hy = hy. Then assuming the abc conjecture, we have the
following theorem.

Theorem 6.1 For any n > Np, we have

1 h h
Ex = (—1, +\fF VEZ (D%, L+ VI2 + (—D)%) and hye = “EPE
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7 Numerical Calculations

In our previous paper [11], we have given the following conjecture.

Conjecture. For any n > 2, F,, + \/F2 + (—1)" is the fundamental unit of
the real quadratic fields Q(/F?2 + (—1)").

In our previous paper, we have calculated the fundamental unit using the con-
tinued fraction expansion of \/s(F?2 + (—1)") and verified this conjecture for
small n < 225. We also checked the square free parts of Fibonacci numbers
and verified this conjecture for 2 < n < 702. We have stopped to verify this
conjecture at that time, because Frg3 is the smallest Fibonacci number which
is not completely factorized at that time. From the proof of Proposition 3.1
and Proposition 4.1, 4.2 and 5.2, to verify the above conjecture, one only need
to show s(F;,)? > 2q(F,). Using the new table of the prime factorizations of
Fibonacci numbers of B. Kelly [14], we can easily verify that s(F),)? > 2q(F},)
holds for any 13 < n < 1270. Now Fjo7; is the smallest Fibonacci number
which is not completely factorized so far. Thus we have verified the following
proposition.

Proposition 7.1 For any 2 < n <1270, F,, +/F? + (—=1)" is the fundamen-
tal unit of the real quadratic fields Q(y/F? + (—1)7).

In the same way as above, we have verified the square free parts of Fibonacci

numbers satisfy s(F,)? > 10/10¢(F,) for 13 < n < 1270. From the proof
of Proposition 3.2 we know each L, + /L2 + (—1)" is at most 4th power
of the fundamental unit. Combining Proposition 4.3, 4.4 and 5.2, we know
L, + /L% + (—=1)" is the fundamental unit except for the cases n = 4,6 and
11. Thus we have obtained the following proposition.

Proposition 7.2 Forn = 2,3,5,7,8,9,10 and 12 < n < 1270, L,++/L2 + (—1)"
is the fundamental unit of the real quadratic fields Q(\/L2 + (—=1)™). For the
casen = 4,6 and 11,

Li+VIZ+1=T+5V/2=(1+2)3
3
3+13
L6+\/L§+1:18+5¢T:<T> ,
Liy + /L3, — 1 =199 + 20199 = (10 + 3v/11)2.

Let K be the biquadratic field Q(v/5, v/F2 + (—1)7) = Q(+/F2 + (—1)", /L2 + (—1)7)
as above. Then k; = Q(v/5), ks = Q(\/F2 + (—1)") and k3 = Q(y/LZ + (—=1)")
and 1 = 1+T‘/5 = . We also denote the fundamental units of ko and ks
by €2 and e3. Here we shall quote the numerical data on the unit group
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Ex for small n. Let Ug be the subgroup of unit group Ex generated by

e1, Fn + /F2+ (=1)* and L,, + /L2 4+ (—1)". We define the group index I,,

by putting

b= 1B (e = PV g RO L+ VR )

Then I,, =1 for 2 <n < 1270 except for n = 2,3,4,5,6,11 and 13. I,, =2 for
the cases n = 2,3,5 or 13 and I,, = 4 for the case n = 11 and I,, = 6 for the
cases n = 4 or 6. More precisely, we shall give the following table: Unit groups
with exceptional group indices I,,.

n In EK UK

2 | 2 | (—1,e1,62,4/16283) | (—1,€1,€2,€3)
3 2 <*1,€1,€2,\/€2€3> <*1,51,€2,€3>
4 | 6 | (—1,e1,e9,\/E1263) | (—1,e1,€2,€3)
5 2 <713517823\/‘§> <71351762a€3>
6 | 6 [ (—1,e1,e9,\/E16083) | (—1,e1,69,63)
11 4 <*1a517\/5763> <*1a5175235§>
13 2 <—1,€1,€2,,/5253> <—1,€1,€2,€3>

Combining these data on I, for 13 < n < 1270 and Theorem 6.1, now we shall
state a new conjecture which generalize the above conjecture,

Conjecture. For any n > 13, I, = 1, that is, the set of the units
{0, Fu+/F2+ (-1)", L, + /L2 + (—1)"} is the fundamental system of units
of the biquadratic field Q(\/F2 + (—1)", /L2 + (=1)").
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