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Image reconstruction in computed tomography can be treated as an inverse problem, namely, obtaining pixel values of
a tomographic image from measured projections. However, a seriously degraded image with artifacts is produced when
a certain part of the projections is inaccurate or missing. A novel method for simultaneously obtaining a reconstructed
image and an estimated projection by solving an initial-value problem of differential equations is proposed. A system
of differential equations is constructed on the basis of optimizing a cost function of unknown variables for an image
and a projection. Three systems described by nonlinear differential equations are constructed, and the stability of a
set of equilibria corresponding to an optimized solution for each system is proved by using the Lyapunov stability
theorem. To validate the theoretical result given by the proposed method, metal artifact reduction was numerically

performed.

1. Introduction

In the field of computed tomography (CT) [1-4], image
reconstruction is generally considered an inverse problem,
namely, obtaining pixel values of an image from measured
projections and a known projection operator. In X-ray CT,
however, an image is seriously degraded by, for example,
metal and ring artifacts [5-7] when a certain part of the
projections received by the detector is inaccurate or miss-
ing. Interpolation projection is a well-known method for
reducing such artifacts [5, 7]; that is, inaccurate projections
are interpolated from their neighboring data and replaced
by synthesized values. Another method for reducing metal
artifacts completes inaccurate projections by subtracting the
projections that cause the artifacts [6, 7]; in particular, the
subtraction process uses synthesized projections reprojected

as an image including an estimated and corrected metal
portion.

As for formulating the inverse problem, p € Rfr and A €
Rer] denote, respectively, projection data and a projection
operator, where R, represents a set of non-negative real
numbers and I and ] respectively indicate the numbers of
projections and pixels in a reconstructed image. Here, the
case in which a part of projection p is given by inaccurate
or missing measurements (for example, due to the existence
of a metal object in the X-ray CT scan) is considered. It is
assumed that, without loss of generality, the elements of p are
sorted and divided into two parts as follows:

p= (q) &)
r


http://orcid.org/0000-0002-2447-3262
http://orcid.org/0000-0001-8303-828X
http://orcid.org/0000-0002-7883-676X
http://orcid.org/0000-0003-4994-0522
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/7932318

where g € RY and r € RI™™ correspond to the inaccurate
(I > M > 0) and the accurate projection data, respectively. It

is also assumed that
C ’

where B € RM and C € R™/ with rows corresponding
to elements of p.

To reconstruct an image with pixel values and to estimate
certain parts of projections instead of inaccurate part g,
unknown variables x € R{r and y € RT are treated, respec-
tively. It is assumed that pixel values correspond to, for
example, in the case of X-ray CT, actual values of attenuation
coefficients, including the minimum value zero correspond-
ing to attenuation by air. It is also assumed that some elements
of vector x satisfying r = Cx are undetermined because
rank C < J due to missing measurements. Accordingly, the
undetermined elements should be permitted to have arbitrary
values. The problem considered in this paper is therefore
defined as follows:

Definition 1. The tomographic inverse problem with an inac-
curate projection is consistent if the set

%={e€Ri:r:Ce} 3)
is not empty.

It follows that the problem is to obtain unknown variables
x and y by minimizing an appropriate cost function that takes
zero at x = e and y = Be for some e € &, respectively. To
solve this problem, the following cost function of x € R/ and
y € RM with e € & is considered:

J
Vix,y)= Z/\;IKL (ej, xj) +a 'KL(Be, y)
=1

] . e.
— Zx\; (ejlogi +xj—ej> (4)
j=1 j

(Be)

i

M
+ oc_lz (Be); log + y; — (Be);

i=1 !

where &« > 0 is a weight parameter, (v), denotes the
¢th element of vector v, KL indicates the generalized
Kullback-Leibler divergence [8, 9], and A jis defined as

I -1
A= <;A,~j> 5)

for j = 1,2,...,]. Note that the function in Eq. (4) is
nonnegative for arbitrary x € R/ and y € R and zero if
and only if x = eand y = Be.

This paper is organized as follows. In Section 2, a novel
method of simultaneously obtaining a reconstructed image
and an estimated projection is proposed. It solves an initial-
value problem of differential equations consisting of state
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variables including parts of projections as well as image
pixel values. A system of differential equations based on an
extension of dynamical methods [10-20] is constructed. It
is an approach that optimizes a cost function of unknown
variables consisting of an image and a projection. Three
systems described by nonlinear differential equations with
different vector fields among each other are presented. In
Section 3, for each system, the stability of a set of equilibria
corresponding to an optimized solution is proved by using the
Lyapunov stability theorem [21]. In Section 4, the intention
of the proposed dynamical system is described in detail,
and how it works is shown by using a simple toy model.
Additionally, to validate the theoretical results given by the
proposed method in comparison with results obtained by
linear interpolation and a reduced system, reduction of metal
artifacts is numerically simulated by using a large-sized
model.

2. Dynamical Systems

Three kinds of continuous-time dynamical systems with state
variables (x", y")" € Rf+ are proposed, where K = ] + M
and R,, denotes the set of positive real numbers. In these
systems, V(x(t), y(t)) is expected to decrease in time ¢ along
their solutions. The three dynamical systems are described by
autonomous nonlinear differential equations. The first system
is defined as

Z—): = XAB' (y - Bx) + XAC" (r - Cx),
(6)
% =aY (Bx-y),

with initial states x(0) = x° € Rfr . and y(0) = yO €
RY, where X, Y, and A indicate the diagonal matrices of
vectors x, y, and A consisting of A i in Eq. (5), respectively.
Note that variables x(t) and y(t) are mutually coupled in the
vector field. The derivative dx/dt for the dynamics of image
reconstruction in the case M = 0 has the same form as the
continuous-time image reconstruction system presented in
Ref. [17].

The second and third systems, which are respectively
inspired by continuous analogs [19, 22] of the multiplica-
tive algebraic reconstruction technique [23, 24] and the
maximum-likelihood expectation-maximization [3, 25] algo-
rithm, are given by

% = XAB' (Log (y) - Log (Bx))
+ XAC" (Log (r) — Log (Cx)), 7)
d
= - a¥ (Log(Bx) - Log (»)),
and
dx

5 X Log (AB"Exp (Log (y) — Log (Bx))
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+ AC"Exp (Log (r) - Log (Cx))) ,

d
d_)t/ = aY (Log (Bx) - Log(y)),

(8)

with the same initial states as in Eq. (6). Here, Log(/3) and
Exp(f) denote vector-valued functions Log() = (log(3;),
log(ﬁz),...,log(ﬁL))T and Exp(fB) = (exp(f;),exp(f3,),
..,exp(B.))" of each element in vector B = (B,
e ﬁL)T, respectively.

3. Theoretical Analysis

Theoretical results for the common behavior of the solutions
to the three dynamical systems are presented hereafter. It
is first shown that any solution to each dynamical system
is positive regardless of whether the inverse problem is
consistent or not.

Proposition 2. Ifinitial value (=, yOT)T € RY ineachofthe
dynamical systems described by Egs. (6), (7), and (8) is taken,
solution @(t, x°, y°) stays in RX, for allt > 0.

Proof. Since the dynamics of the kth elements of w =
(x",y")" can be written as dw,/dt = wyfi(w) with a
function f, it follows that, on the subspace restricted to wy, =
0, the solution satisfies dg,/dt = 0 for any k = 1,2,...,K.
Therefore, according to the uniqueness of solutions for the
initial value problem [26], the subspace is invariant and
trajectories cannot pass through every invariant subspace.
This restriction leads to any solution (%, x°, y°) of any system
with initial value (x° ", yOT)T € R¥, att = 0 being in RY, for
allt > 0.

Under the assumption that the tomographic inverse
problem minimizing cost function V in Eq. (4) is consistent,
equilibrium (e', (Be)")" ¢ Rf+ for each of the differential
equations in Egs. (6), (7), and (8) is asymptotically stable
according to the Lyapunov theorem [21].

Theorem 3. If the set & in Eq. (3) is not empty, the solution
(x",y")7 to the dynamical system described by Eq. (6) with
positive initial values asymptotically converges to (e, (Be)™)"
for some e € &. The same property holds for the dynamical
systems in Egs. (7) and (8).

Proof. Consider the function V(x,y) > 0 in Eq. (4)
as a Lyapunov-candidate-function, which is well-defined
because, from Proposition 2, the state variable (x()", y(t)T)T
of the dynamical system in Eq. (6) belongs to R for any ¢ by
choosing positive initial values. The function can be rewritten
as

)

so the derivative along the solution to the system in Eq. (6) is
given by

M-

SV G| ==Y (xy-e) (87, (Bx- )

©

I
—_

M-

I
—_

(xj - ej) (CT)j (Cx—7)
j

Mk

=2, (i = (Be);) (y; — (Bx),) (10)

I
—

=—(Bx—-Be)' (Bx - y)
—(Cx-1r)"(Cx-71)

—(Be—y)" (Bx-y)
= —{ICx - 7l + [Bx - y|3} <0,

with equality if and only if x = e and y = Be. Thus,
the asymptotic convergence of solutions to some e in & is
guaranteed by using the Lyapunov theorem.

In the same way, we see that V is also Lyapunov functions
for the systems described by Eqs. (7) and (8) according to

-
I
—_

M 11)
=2 (i = (Be),) (log () - log ((Bx),)) = — (Bx

~ Be)" (Log (Bx) — Log (y)) — (Cx = )" (Log (Cx)
~Log(r)) - (Be - y)" (Log (Bx) - Log (y))

= —{KL (Cx,r) + KL (r,Cx) + KL (Bx, y)

+KL(y, Bx)} <0,

and

-log (A, (B"), Exp (Log (y) - Log (Bx))

N

+2;(C"); Exp (Log (r) - Log (Cx))) = > (»

1

I
—_

J
- (Be)) (log () ~ log ((Bx))) < ~Y.e; (B7),



- (Log(y) — Log (Bx)) — Ze (Log (r)

~

- Log (Cx) Z

"), (Exp (Log (y)

J
- Log (Bx)) —u) + ij (CT)j (Exp (Log (r)
j=1
M
~Log(Cx) = v) = )y, (log (1) ~ log ((Bx),))
i=1

+ ) (Be); (log (y;) - log ((Bx);)) = -

i=1 j=1

- (Log (r) - Log (Cx))

+zx

T) (Exp (Log (r) — Log (Cx)) — v)

M

— Y yi (log (;) — log ((Bx);)) + ) (Bx);

i=1 i=1

I-M
log ((Bx);))—1) < - ) r;(

i=1

- (exp (log () —
xp (o5 ((C9,) ~log () + Y. (©9),
+(exp (log (r;) ~log ((Cx),)) =1) = 2 3 (1

M

— exp (log ((Bx);) - log (3,))) + Y (Bx),
-1

- (exp (log (y;) —log ((Bx);)) - 1) = 0,
(12)

respectively, where u = (1,1,..., 1)T € Rﬁ and v =
(1,1,...,1)" € RﬁM . The derivatives are zero if and only if
x = e and y = Be. Therefore, the solutions to the dynamical
systems in Eqs. (7) and (8) also asymptotically converge to
somee € &. O

4. Application

Numerical experiments were performed to illustrate the effi-
ciency of the proposed method in applications for reducing
metal artifacts.

4.1. Experimental Method. The systems of differential equa-
tions described by Egs. (6), (7), and (8) with initial states
x(0) = x° € RL and y(0) = yO € Rﬁ were used for
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the numerical experiments. In the experiments, sinograms
consisting of projections described as

p= (q ) (13)
r

which resulted in the effects of beam hardening and sever
attenuation of the X-ray beam caused by the metal hardware
[27-29], were synthesized. Here, ¢* € R was obtained by
the following procedure. Let inaccurate projections be the
outer neighborhood of the metal affected projections that
are identified by thresholding [7, 28, 30]. The inaccurate
measured projections, g, in Eq. (1) were linearly interpolated
from their neighboring projections in r at each common pro-
jection angle and replaced by synthesized values, g*. Because
the main feature of the proposed method is that inaccurate
projections are considered as variables of optimization, the
synthesized sinogram is treated as an initial value for the
proposed dynamical system and as a fixed projection value

for the system to be compared. Then, initial state (xOT, yOT)T

of the proposed system is chosen as x} = x° > 0 for

] *
j=12,...,],and yo = gq". However, the system described
by the following differential equations is defined as a linear-

interpolated system compared to the proposed system in Eq.
(6):

D AT (p" - Ax)
dt (14)

= XAB" (q" - Bx) + XAC™ (r - Cx)

with initial state x(0) = x°. Note that both solutions to
the differential equation in Eq. (14) with x(0) = x° and to
the equations in Eq (6), in which the time derivative of y is
replaced with dy/dt = 0, with x(0) = x° and y(0) = g" are
equivalent because y(t) = q”, for all t > 0, satisfies in regard
to the latter system. An ODE solver ode113 in MATLAB
(MathWorks, Natick, USA) was used for solving the initial-
value problem of the differential equations in Egs. (6) and
(14).

For comparison with the proposed system, another sys-
tem, called a reduced system, is established. Namely, for
reconstructing image z € R{r , subject to minimizing
lr — Czll,, an iterative formula by a projected Landweber
algorithm [31] is defined as

z(n+1)=(g9(zn)),, n=0,1,2,... 15)

with z(0) = x°, where
glzm) =z (m) +p 'C" (r-Cz(n) (16)

with p denoting the largest eigenvalue of matrix C'C and
vector-valued function (), of vector B = (B, Bys--->Br)"
indicating (B), = (max{0, $;}, max{0, 3,},...,max{0, B, ).
Relaxation parameter p' is set according to Theorem 3.1 in
Ref. [32] so that the iterative sequence converges to a solution
closesttoe € &.
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FIGURE 1: (a) Phantom image and (b) sinogram.
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1.2 1.2 f 1.2
j 0 j j 0 j 0
) (b) (©)

FIGURE 2: Reconstructed images using (a) proposed, (b) linear-interpolated, and (c) reduced systems.

To evaluate the quality of the images quantitatively, a
distance measure is defined by the L,;-norm as

]
Ulx) = Zl |~ ¢ (17)
=
je
where # < {1,2,...,]} denotes the set of indices corre-

sponding to the metal position in the true image e* € R/.

4.2. Simple Model. To explain how the proposed system
works, a simple toy model is considered as follows. In the
model, true image e’ e Ri is defined as

e’ =(09,1,0,0,0,0,0.7,0,0)" . (18)

A graphical image of 3x 3 pixels corresponding to e” is shown
in Figure1(a). Itis assumed that a metal object in the phantom
is located at the two pixels colored in white. Although the
pixel values are undetermined, due to the high attenuation of
metal in X-ray CT-scan imaging, for convenience, the values
of e; and e; were both set to zero. A sinogram obtained by
taking samples at every 120 degrees in the range of 360 and
7 detector bins per projection angle is shown in Figure 1(b).
The white regions in the 3 x 7-sized sinogram indicate
an inaccurate part q € Ri. The correspondence relation
between elements p and (', r")" in Eq. (1) is described by

the following format, which corresponds to the sinogram in
Figure 1(b).

Py P> Ps Py Ps Ps P
Ps Py Pio Pui P12 P13 Pua
P1s P P17 Pis Pio P Pan

ry Ty 4y 9 T3 Ty 15 S(Q)l (19)
=\ Te 493 44 495 17 Tg T9 | = S(‘I)z
o "1 496 97 498 T2 T13 S(‘])g

= S(q) € R

When using this notation, in the case of proposed system, the
elements of measured projection r and estimated projection
y(t), t > 0, instead of g, can be arranged as matrix S(y(t)) in
the same format.

Images were reconstructed by using solutions of three
systems described by Egs. (6), (14), and (15). The parameter
« used for the proposed system, uniform initial pixel values
x?k, integration time 7, and iteration number v were set to
0.1,0.5, 10°, and 10°, respectively, unless otherwise specified.
An example of reconstructed images is shown in Figure 2.
Values of distance measures U(x(7)) and U(z(v)) defined in
Eq. (17) with 4 = {5,6} for reconstructed images (a), (b),
and (c) in Figure 2 are 0.2887, 1.3773, and 2.4881, respectively.
It can be seen that the proposed reconstruction has better
image quality. Moreover, as indicted in Table 1, compared to



TaBLE 1: U(x(7)) and U(z(v)) for images reconstructed using the
proposed method with « = 0.01 and 0.1, linear-interpolated method,
and reduced method with variation of initial pixel values.

) proposed method interpolated reduced
) a=0.01 a=0.1 method method
0.1 0.2255 0.2300 1.3773 0.7227
0.5 0.2308 0.2887 1.3773 2.4881
1 0.2331 0.3200 1.3773 5.0240

the reduced method, the proposed method gives more robust
performance in terms of the variation of initial values.
For each of the proposed and reduced systems, it was

numerically confirmed that the distance between r and Cx(1)
C, 0.3429 0 0
o Cs 0.1066 0.0453 0.0075
\c | 0 0 0
Cy, 0.0573 0 0

The set defined in Eq. (3) can therefore be explicitly described
as
%:{e*+Ns:seR5} (22)

where N is the matrix whose column vectors are the
orthonormal basis for the null space of matrix C*, i.e.,

0 0 —0.2766 —0.0011 0.0382
00 06562 0.0039 0.0740
0 0 —0.0302 —0.0080 —0.9918
00 06068 0.1247 —0.0849
N=| 10 o0 0 0 (23)
01 0 0 0
0 0 —0.3302 —0.1236 0.0467
0 0 —0.1215 0.9844 0.0082
00 0 0 0

Approximate values of coeficients s in Eq. (22) used for the
proposed and reduced systems are respectively given as

0.0044 0.5000
0.1407 0.5000
~0.0163 | and | 0.0761 (24)
0.0014 0.5737
~0.1194 ~0.5958

It is clear that the convergent value obtained by the proposed
system gives smaller absolute values of s, s, and ss.
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(or Cz()) is zero; that is, convergent values x(7) and z(v)
belong to set & in Eq. (3). An explicit description of this set
is introduced as follows. Neglecting any trivial element r; of
r € R} and the corresponding row C; of C € R} such that
r; = 0and C;; = 0 for any j (excluding the case that r; = 0,
but C;; # 0 for some j) obtains

r, 0.5486
re 0.1413
= (20)
75 0
1, 0.2573
and
0.3429 0 0 0.3429 0 0
0 00 0 0 0
(21)
0 00 0 0 0.0043

0.1887 0 0 0.2940 0.0131 0

A graph of the distance measures U(x(7)) and U(z(v))
for comparing the three methods is shown in Figure 3. The
distance given by the proposed method varies with different
values of «. The figure shows that there exists a range of «
at least in interval (0, 0.1] in which the quantitative measure
has a minimum value. Note that the system of Eq. (6) as «
tends to zero is similar to the interpolated system of Eq. (14).
A smaller value of « results in not only a larger weight of
term KL(Be, y) in Eq. (4) but also a slower dynamics of state
variable y(¢). On the other hand, when parameter « tends
to infinity, the system of Eq. (6) is equivalent to a reduced
system optimizing the function Z§:1 A;IKL(e X j), which is
a part of the cost function V in Eq. (4), without information
about g”. The dynamics of solutions to the proposed system
are explained as follows. In Figure 4, the dynamics expressed
by the time evolution of state variables obtained by the three
dynamical systems is illustrated. With regard to the proposed
system, the behavior of Bx(t) is restricted by the dynamics of
¥(t) emanating from interpolated value g* and converges to
coincide with y(t) after the passage of time. However, in the
interpolated and reduced systems, Bx(t) attempts to reach g
without reaching it and is independent of g, respectively. The
mutual dynamical coupling of Bx(t) and y(t) in the proposed
system gives rise to a better convergence performance of
the state x(f) in regard to approaching ideal value e”. The
dynamics of y(f) that eventually converges to a limit set in
the neighborhood of g in the state space is effective for
estimating the inaccurate projection and produces a better
quality image through Bx(t), which converges to y(t).

4.3. Large-Sized Model. The proposed method was exper-
imentally demonstrated by applying it to reducing metal
artifacts by using a larger sized model. A phantom image with
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U(x(1))
U(z(v))

0.2
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0.06 0.08 0.1

{tvag ———

FIGURE 3: Distances (at T = 10° and v = 10°) for the proposed method with variation of e, interpolated method, and reduced method, which
is independent of «, indicated by blue points, a green point, and a magenta line, respectively.
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t t n

()

(®)

(c)

FIGURE 4: Time evolution of state variable for pixel values x (upper panel), and projection values (lower panel) obtained by using (a) proposed,

(b) linear-interpolated, and (c) reduced systems. In the upper graph, trajectories x

; and z; with lines and e’ marked with colored dots at the

right edge are indicated by the same color as the corresponding pixel in the phantom image. In the lower graph, blue and magenta lines denote

y (or q") and Bx (or Bz), respectively.

192 x 192 pixels, so ] = 36,864, was simulated as shown
in Figure 5(a). An image was reconstructed by using 275
detector bins per projection angle and 360-degree scanning
with sampling every two degrees, which corresponds to
number of projections I = 49, 500. For simulating reduction
of metal artifacts, it was assumed that three small metal
objects exist in the phantom. The white regions in the gray-
scaled sinogram shown in Figure 5(b) indicate inaccurate part
q in the sinogram or projection p in Eq. (1).

The experimental results obtained by using the proposed
system described by Eq. (6) with « 0.01, the linear-
interpolated system described by Eq. (14), and the reduced
system described by Eq. (15) are presented as follows. Recon-
structed images obtained from solutions x(7) at T = 100
for the continuous-time system and z(v) at v 3,500
for the discrete-time system, which are emanating from the
initial value with x° 0.5, are shown in Figure 6. The
values of 7 and » for adjusting the difference between the
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FIGURE 5: (a) Phantom image with three metal positions (small black regions) indicated by white arrows and (b) its sinogram.

- le
0

1.2 1.2

(c)

FIGURE 6: Reconstructed images by (a) proposed, (b) interpolated, and (c) reduced methods.

[lr = Cx(@®)l;
[lr = Cz(m)l,

0 500 1000 1500 2000 2500 3000 3500

35t
n

FiGure 7: Time evolutions of objective function by the proposed,
interpolated, and reduced methods indicated by blue, green, and
magenta lines, respectively.

continuous-time and discrete-time systems describing the
proposed and reduced methods, respectively, were chosen so
that the values of objective functions defined by ||+ — Cx(t)]l;

480

470

460

450

U(x(1))
U(z(v))

440

430 L
0.002 0.01 0.1

o ———»

FiGUrRe 8: Distances (at 7 = 100 and v = 3,500) for the
proposed method with variation of « and the reduced method
being independent of « indicated by blue points and magenta lines,
respectively.

and |lr — Cz(n)||, coincide at 357 = v as shown in Figure 7.
Under the same conditions for reconstruction, a qualitative
reduction of artifacts in the reconstructed image obtained by
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480

460

440

=~ 420 |

400
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0.002
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()
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420

U(z(v))

400 +

380

0.002 0.01 0.1

X —

(b)

FIGURE 9: Distances (at v = 3, 500) for proposed method given (a) by Eq. (25) and (b) Eq. (26) with variation of & along with reduced method
being independent of « indicated by blue points and magenta lines, respectively.

the proposed method was compared with that by the other
two methods. From Figure 8, which compares quantitative
measures U(x(t)) for the proposed method and U(z(v)) for
the reduced method in addition to the observation of the
measure 830.6 for the interpolated method, it is clear that
the proposed method with & € [0.002,0.1] has the smallest
measure. The advantage of the proposed method is due to
the simultaneous dynamical behavior of a pair of variables,
x(t) and y(t), which is based on mutual dynamical coupling
described by Eq. (6).

Discretization of the differential equations is required
for low-cost computation in practical use. Iterative formulae
derived from a multiplicative Euler discretization [33] of
differential equations in Egs. (7) and (8) are, respectively,
given by

z(n+1)=Z(n)
-Exp (AB" (Log (w (1)) — Log (Bz (n)))
+AC" (Log(r) — Log (Cz (n)))), (25)
w(n+1) =W (n) Exp (a (Log (Bz (n))

- Log (w (n)))),
and

z(n+1) = Z(n)
- (AB"Exp (Log (w (n)) — Log (Bz (n)))
+ AC"Exp (Log (r) - Log (Cz (1)), (26)
wm+1) =W (n)

- Exp (a (Log (Bz (n)) — Log (w (n)))),

for n = 0,1,2,..., with initial states (z(0)",w(0)")" =
(", yOT)T, where Z and W indicate the diagonal matrices
of z and w, respectively. Graphs of the distances measured by
U(z) for reconstructed images obtained after 3, 500 iterations
of the proposed systems in Egs. (25) and (26) and the reduced
system in Eq. (15) are shown in Figure 9. The multiplicative
Euler discretization approximates solutions to the differential
equations of Egs. (7) and (8) at the discrete points with a step
size equal to one. It is noted that the course of the distances
with variation « for the proposed method given by Egs. (25)
and (26) as well as Eq. (6) is qualitatively consistent and the
values of these distances, in the range of «, are lower than that
given by the reduced method. The system of Eq. (25) yields
the best performance with respect to minimizing distance
U(z), under the same conditions.

5. Conclusion

An image-reconstruction method for optimizing a cost
function of unknown variables corresponding to missing
projections as well as image densities was proposed. Three
dynamical systems described by nonlinear differential equa-
tions were constructed, and the stability of their equilibria
was proved by using the Lyapunov theorem. The efficiency
of the proposed method was evaluated through numerical
experiments simulating the reduction of metal artifacts.
Qualitative and quantitative evaluations using image quality
and a distance measure indicate that the proposed method
performs better than the conventional linear-interpolation
and reduced methods. This paper shows a novel approach to
optimizing the cost function of unknown variables consisting
of both image and projection. However, not only further
analysis of convergence rates and investigation on the influ-
ence of measured noise, but also experimental evaluation
and detailed comparison with other existing methods [7, 29]
of artifact reduction are required to extend the proposed
approach for practical use.
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