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Abstract

In the laminar-turbulent transition process of a mixing layer formed downstream of a two-dimensional nozzle exit, an
analysis was performed based on various information measures. Shannon entropy, permutation entropy and Kullback-Leibler
divergence were introduced, and former studies in which they were used in the turbulent analysis were then reviewed. In the
present study, the probability distribution of time series of hot-wire output voltage data was obtained, then analyzed. The aim
of the investigation was to clarify the effectiveness of the analysis for the transition and turbulent flow. In addition, equations
which Shannon entropy must satisfy in the turbulent flow field were derived. The Shannon entropy of the fluctuating velocity
changed monotonically in the downstream direction. Thus, it appears to measure the transition process in the mixing layer.
The permutation entropy of the fluctuating velocity first increased, then decreased, then increased again, and decreased
finally. It reflected the increase of the fluctuating velocity and change of fluctuation manner (from periodic to irregular
fluctuation) during the transition process. The Kullback-Leibler divergence based on the probability density function of the
fluctuating velocity increased first, then decreased downstream, and thus did not show a monotonic change during the
transition process in the mixing layer.

Key words : Transition, Turbulence, Turbulent flow, Shannon entropy, Permutation entropy,
Kullback-Leibler divergence, Probability density function, Mixing layer

1. F Fr )

JEFED B ELFE~ DB FRE D K X 2RI O S DR TH 5. Kolmogorov [T FROEMES & I1fD,
D#E%2 21T\ (Kolmogorov, 1965, 1983), “WEiL 5 RAIXx KRBT /T 0 /T LESy R x OEMETHD”
LEFRL, FHREHGROEHEAE N, ZOHRERARE LFEH SN T\ D aVE I n THEME ARG 7 Tl
ISR D 2 T IEDMRITIREE ST (Vitanyi, 2006). & b IIEIRELIERRTE O E ®HRHMEIC 2 z2F A+ 5 =
LEEZ, RABECE, A, 2012)(Ichimiya and Nakamura, 2013), AR EDZEiEz L 0 AT D ELRE S SO(—
B, 2014), MEF~ORE I UIC L DERB(—EM, 2015)% <, ZORBINERNIFIEORY LR LT
728, —E B, EHE(Sato and Saito, 1975)I2 K D AT MV DIRN Y R 2 HESREONT BT o120, Zh
WITHEN EBICTH D &9 BB & D (— = {h, 2011b)(Ichimiya et al., 2013a).

FELOBEMES 2 ERILT 5 b ODO—IT 1948 4E1Z Shannon 23 E#E L 7R 54 D= > k1 B —73 &% 5 (Shannon,
1948). Ziv% Shannon 1, THHOKE X, BIROFEEME, FHNSOESWeE 42" &E LTHIILTEY
(Shannon and Weaver, 1949), 1# i in O BB /R REO —>TH 5. (HFI, 1970)(Gray, 1990)(5, /MK, 1999)(iF
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[, 2012)

AT TEICZ DY v vy b — L %ROIES = b v B —=X> Kullback-Leibler d % A N— =0 2%
HWTEREBOEBRRZT T 50D THL, by ho B —Z2FH L TG Eii~5Z Lidx~2
— XA TIZZRWO T, B U 72 S TR A DL RISk 5.

V¥ /vy bR E—ZELWSGICEBA LRk, EE D O HPH T, 1986 4D Corke &
Guezennec(Corke and Guezennec, 1986) DHFFE CTd 5. 1% & IXELIEE St iE O Fk A% (coherent structure, LA F =t —
Ly MEELMES) ZFBINGRT 2 51EE LT, 2Rt h—0RRIIH %, ae—Lr Mg E Z
VELHBRTE D E LT, L Tae— Ly ML, ZORSRINCHEET 5> v /oy hrE—Df
KCICE DV EED L L, TNEESIETT % Lagrange DRI EZ AW TEIR LZ. ZOFERIL, HWIF 7T
& 5713 VITA 15(Blackwelder and Kaplan, 1976)(Z & A #5F: S AZIEFEER 2 A KR L LT D, ZOHFIEITNE
LINDT—HELFHAEENREL, HOHLUBETIHOORTHRNE ) ThHD.

A U, ZKEAIZRR W TRAKRBE OELIREEHE oA O EICR R h e B —{EZ VY, Lagrange DL T
FNEMENTZHAEH S 0 (Chiu, 1987), Prandtl-Karman o5& H0E /04 & 0 B BRI O FEBERIC L < —T
HELTWD. FZOMENME, e kicZie e 7% Lie B HIETE) LT Oberlack D& 554
LHR O TH 5 Z &1 R Il 5 (Oberlack, 2001)(Lindgren et al., 2004)(Tsuji et al., 2005). BA/K KR TIZZ 0
%, InK ZOFENEHEN TS, REBWAOMEIZY v/ vy ba B —%2H\W5D Z & ZRE LRI,
BREE « DAL RO C, KU A SRS Bl 2 LRI A 41Ty A (Leopold and Langbein, 1962). Z @
FHETIE, FTOE(Singh, 2011)<°% E(Singh, 2013) 2 S S 7= 0.

ELHEIZE LI Ikeda & Matsumoto (Ikeda and Matsumoto, 1989)74%—AEELIE DI EL 2212 A\ T n-step Shannon
entropy Z i L CERITEH A AZTHRD Z L BIRE L CWD A, EEOFE T A4 A fif 2 FroBER O 5 G A
FEREFARDICE EF o TS, HHERE WA E R IIZIEA S F (mixing patch) & FEEIL 2 22 A 77 —1
LA — BIVIN DI A — RV OFELRHES RIEL, Z OWMKBEEBOREM RO ¥/ vy brE—
DI B AL TV D (Wijeskera and Dillon, 1997). 4% & 1 RHFERIE 7 — & D43471Z 4537 - C Dimotakis & (Dimotakis et
al, 1983)DHIENizy = v hORFULEEEZ A X v L, TORERIZV Yy /oy hab =ML, Tz
B> TENMPET Z EEARL TS, 72721, BEEONHEEN—2KIIY = v NEHERICE DI OME =
2—%HHL, TOBESFOT v ) 2y b E—EFR LI OT, FLE COMREERNE Wb
OTIFARW., ZOMIZELTEBICHMNDG. Z0X vy /=y bar E—RELicx U CE M Sz flixd
B0, FELICERS AR S I,

ELIEL SN T b IE B ERI SO T b B2 72 BB =R % FE B (probability density function, AR, Pope(Pope,
2000)|Z7E> T PDF £ EL) THD. BB W UIEEEE KKy OFALE TO PDF BENDL DT, Thb
DOELNEETHSH. PDF OZ{LDOERAL (5 PDF OMELEDE L) ([TITEFEOFERH DM, HTH
Kullback-Leibler D% A /R—2 = A (LT, KL XA /N—V = U ALRES, 2B, ZORIZITWANAREOY
WD D TEENLETH D) PELI 2RI E 2R HbEETH 2 (1, /MK, 1999). SCHEk(Tsuji and Nakamura,
1999) TIXELIEEES B DN D KL ¥ A N— = U A% KD 3Tt Z R LT, R FHR T hNIZET—ETH D
ZEELMIZL TS, F 7 SCHER(Tsuji et al., 2005) TIEZEIE AR T O PDF OFREMEDS TR S0, Z OFFTEN
IRENTWD., ZIUZ W TR (Nakamura and Tsuji, 1995) 2 2B S 7=\ . Cerbus & Goldburg 13>+ / > =
vhiobv—Z bl Tryry sy hr—ZREL, 2 RooamiEELIE 28~ Ty % (Cerbus and Goldburg,
2013). 513 FE 72, FUHAOZEMATRIREZ R S 722y v / x> ha B =0 Cruchfield BHEE C %
FIH L T4 (Cerbus and Goldburg, 2015). F 72 2 2 IRICELIESEIZ-DU T Richardson 7 A - — R D384 Gt
T b B2 XY T LTS (Cerbus and Goldburg, 2016).  SCiik(Buxton, 2015) CIEELITEAE OBIEY 2 = L
—a T OREEOITIC KL XA =2 = VARSI, RAT—IVORENER I TS, iz,
EIRDIERDO A r—1 o 72y % /v b r BE—3F] ] &4 TV % (Granero-Belinchon et al., 2016). Zd X 912
KL & A /3= = ZADNELIRE R | SE H S 7z il g,

EBITHIT, T —% OWODOEMEE % EE 4 HIES|= o B — (permutation entropy) 734 & +(Bandt and
Pompe, 2002), DA 125 F 235 5TV % (Cao et al., 2004)(Rosso et al., 2007)(Zanin et al., 2012)(Riedl et al.,
2013)(Li and Fu, 2014)(Weck et al., 2015). F7-715%% LIEFI= F v B —O BRI EE T U H 41TV 5 (Amigo,
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Fig. 1 Schematic diagram of two-dimensional mixing layer and coordinate system. The mixing layer is formed between the jet
and the surrounding quiescent fluid.

2010). LrL, THEAWIIED X O ZRELi G- ChLitERIE R CwE ] L7 BlZ RS 72 v, ek, (HEEm L
FREIS L ORSE TR 2> BAFFE S TE Y (Brillouin, 1956), T Tl Ciik(Jaynes, 2003)23> % Z & &iEET 5.

AL, IRAEEBIERRICE LT, ERRD Xk 5 REREOT — X T HEZ WA L, ORHEE i L TR,
BEAEE, LT — 2T ~OFIMEEZRALNNILE Y L2500 ThD. Fio, GOy /= hrbE—
DO FHREXZELIEE O PDF HFRERDHEHNT, BiiD > ¥ /2 = b a B —OWEFEOBE L AT O Th
5.

2. RBEERURERAEE

FEMT L 72 3iaulE, E kiR O T 2 O S L DIRETE Th 5. MEEIENE 310 mm, &S h=10
mm D 2 &t/ AVHA GRAVFTAEEE x=0) 22bREHT 5. K 1IZNGO B R OVEER 2T, FHD
IXZNE T OFNOFY, EEEE A, EROILNY, FHELOEE T RV XOARER, HiE L OHRED
THA~DZEAR E 2~ (— =1, 2011a)(Ichimiya et al., 2011). % 7= SLIDEBIRFLD TEEL 7 A ~DHEFT 4 1 & 7
W2 U720, EREOHEIRE % RO CERBEI T~ H FTRENE 2 FH 7= (— =, 2011b)(Ichimiyaetal., 2013a). F7= /
A PNTHEEL & LT 1T 72 IRER OHRIES S R D 58 (— =i, 2013b) A7~ IREMR O IRERA D522
(Ichimiya et al., 2014) % fqt L 7=.

AFEHTIX, T OPEALD 2)VE I 7 EHEEEMENT(— =, T4, 2012)(Ichimiya and Nakamura, 2013) & [AlfkIZ, / X
JVH N BB o E U7 REMWR DS 2 AV O Wi 23D 700 K9 ICFRIE LTEG 8 0Bzt & L. EiR
W, REE LS Gl &0 ) AV AOBEZOEE Uy &/ XV OE S hici3< LA /v X%% 5000 (Uy = 7.5
mis) & LTIt o7, HIEICIFEZRENEAS S um, £ 1 mm O X BB 7 0 —7 %2 v, JEERIZ ] L=
DITEEITY 7Y o Z RS S kHz T 262144 {5 (%) 52 B[] Yo7 v 7 &hic. EOT7T =2 MhHE S
N F T ZEENEE u 2k T D EIE e (O fRfEAe =0.001V) Zfi#Td 5.

BIEIFEESEEEY = 0 OFPATITo72. JIER, BT vy a7 8 L TREAE O B CARTED LT
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Fig. 2 Contour map of streamwise fluctuating velocity in x—y plane. The root mean square value of the fluctuating velocity is
normalized by the nozzle exit velocity. Three representative positions are shown by O, © and @ symbols. Nine
contour lines are drawn with ten equal intervals between the maximum and minimum values.
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Table 1 Statistics at three representative positions.

Integral | Taylor Kolmogorov |Kolmogorov |Mean
x /h |y /(h/2)] Symbol | u'/U, |time, Tg |microtime, |time, t length, 77« [velocity, U
[ms] re [ms]  [[ms] [mm] [m/s]
0.5 0 O 0.003 227 3.18 203 171 7.19
8 13 © 0.222 1.18 1.28 0.67 0.10 5.14
20 3.6 ) 0.130 6.55 1.91 0.95 0.12 2.85

HAEL D 0 PO xh=25 £ T{To7. ZOHT, /7 ZAVHAOEZOFLERE x/h=05,y/(W2)=0), i
AUIT B IRE R AR 7> & O ZEEEE D rms 5 W SRR ONLE x I h =8,y / (h2) =13 &, + Fid x/h=20,y/
(h2) =36 D 3NEZRFEE L TGRT. Wi/ AV OEE Uy TER T L LIAED a7 (X 2) 1I2BWT, i
5 3NEEENENO, ©, @HIT/RT. X2 D@, FRAME & R/IMER % 10 %45 L7-MRT 9 ARZ 5\ /-,
x/h=05,y/(h/2)=0 (OH)) IZART > v v LaTNOERTHS. xIh=8,y/(h2) =13 (OFI) TILE:(preferred)
JEEE GRS DFOEREROE D RRARIZ 5% 2 s ERED) MFEET 5. x/h=20,y/(h2) =36 (@) TiZ+s3IZiL
TEEBNE T LTV D(—E1M, 2011b) (Ichimiyaetal., 2013a). £723% 112, <O 3)E COEEDHEZRT.

3. T—EBWFE

3:-1 Y¥/vxrbRE—

EL I E RS 2 LT D BB ALY SO C, Shannon DEfFEOT Y b B —RNHN 505, FEBRIZHRWT
t CFD (AW T B EBRICIY 2 5 EITHEBAE Ch 5. £ 2T, BREEEHE N7 ) 7 s, AD A
SN T — X BBEERA L LG5 Z L1cT 5. Bk o> 3C#Ek(Corke and Guezennec, 1986) (2 A\ T & 2k
HOZRERIE LT, BEBEL L TH->TWa. 22k, TEHamiIC i E OBERcE L st &0 2R1T, #EHD
Shannon 23EEHHIZ R U TV 5 O C3Ciak(Shannon and Weaver, 1949) % £ FR S f1720 .

B DB 2SR L ORISR P BN 2 i & &, nBfFET DK FSR X OMRIL, p=PX)THY, XD
H e mEIT—logP(X) = —logpi L EFESN, {piii=1,2, -, nN}DI v /oy o —i%, HOEREOH;
EE L TR TERSND.

- pilogp
i=1

KEDIEIT@ES 2 &5 2 ENEL, ZOFAITENDbi)EZ VS, £/-p=0D L X iXplogpi=0 & EFHT 5.
IO x )y haE—EFETHIIRNT, ET R ERIRETOIMNERH DD, ZOHEXS DX EITHE
G ENE N DB %2 RO DB O FIEIL - TRD

Z I MRS 2 E e — RO LA R Yy =FX) DV T 7 R TV ) BilE 7T 7 CRIELLET S 2
LEEZTHD. ARMEDS, X1 <x< - <X IZH LT, Fi=FX) &&ETIE, ARBEGEES NSO,
=720, 0D, FX)=0 L35, ZR=M &L, isRIME LD L,

fi=0 Xfi=1 )

72 D ME OBEEEES{ L f, -, W3 EOND. Iz L, 2, - DIEFTHEZ Z ZIZHIFIEFX)D 77 7 DIER
LT 7 7RB LD, Wi EATIHEROTNIEWREZFT-720 0, 22 TIEESE OO DIEFRNE
REFF OO TR RINE B 2 D, Tabb{fiHiEwT —% FX)O 7Y v JEES GRYE, xi I3M

[DOI: 10.1299/transjsme.1x-00000] © 201x The Japan Society of Mechanical Engineers



Ichimiya and Nakamura, Transactions of the JSME (in Japanese), Vol.00, No.00 (201x)

Rizebnsd) #ESE LD THS. ERoMWENS, H= —Zfilogfi NED BN, HIZZOKES T 7045y
IR, 16> TIRDOBEE FO)DIIRERET 2 —oDIIEL B 5 2 LRk, HESMTEE O 1k, 2 kKE
— AV IBRHLIDIFLAATHD. HRE—A L M EITRRDIBETHLHAO DI, fi=1ln OFEFES DR
WCHDBHEKRERDZETHD. ZbiE, Shannon RS ZAE L TCEA LT hrE—03, R LITE
PRAITBR LW — D7 7 7 ORERIC 670 5 Z L A BT 5. 72720, EO XS IZEDTEE{f HEMEER
DNFRLENGT-F DT, [MIENDOFEROMERLE LW Z 0 i yOHTIIMOFELROMHERINIAHTHD. ZDXH
72 H 2RO BE 2R L=, Bk Wijeskera & Dillon(Wijeskera and Dillon, 1997) CTH 5. & HI1LZ D&% A
~27 1 L® topological measure & LA T 523, = O topological” | T B IR Z BEIR L T\ 5. Zeds, Lichx
7o X9 70N & OFSCTiE eV, £70, H TIEEFRONEFOEMHIT LD D . IRICZOHIEICER LD,
FH O OFRATHPHTIE, Wesson 5 (Wesson etal., 2003) T. 5 1X KT OEKTT « (il 121 1 [0lisd 5 i
Bl &5 9 BB IEF IO DT, ZZTIHTT 4 EMERZ LT D) OBHo=, KEENELEE A OIERR
MERFRFIENT D—> L LT LD KL S 78, EOHMORT 7 7 KEZBHR T e ©—THT L, WALOLEN
IS SHME L SICE DD E DN > TV D, LavL, IS DL TIIARMIED & 5 2R 8L D%
RTCOV Yy /vy hrE— R b Tun7en.

STABIEICBIT D v/ vy hu B —i, RikO X 527 B A E8EE ] L 7= B e 126 L CHER
ZIHELTRD D, MEOFHEICTY Y, EED 1 XKEOREEZRET D2HERNDDH. KEE RS Z2iudX Q)i
XS N AEINL, KBS AUE Yy s b BT A6 Th S, I T2
RUTZ 3MEICB W TSI 5 v ¥ / v b B —0OZ b a7z, 262144 [HOT — % OFEOFPH (7
— B P DEKRIE emax & T/ IME emin D75) % 2 DXEFD 13380 Y DOLEIR (16 (=2%) ~ 65536 (= 21) TLEHEIL
vy /vy b —0ZbER 3 IR T. MIOIEKEEOEME vy ) s ha e 3inT 5. 3
AT D (Bmax— €min) / Ae DAEIZHEBAR 2 51\ N2y, KRS I Ez 5 &> /7 oy b r B — i —EEicfafn
T 5. ZHAUIDFRRELL FIC KBS E ST 2 TH, TOXKBNICIET —Z BFE LRV DD pilogpi=0 &
RoTyx /2y b —IlHELGE LRV LTHD. £ T, ¥y /Ty ha =3z 0fifEz 84
HZ EiZLT.

3-2 IEHTYrRE—

V¥ /)y hrE—TIEBEINTWRNWT —Z DIEFIZES S KANBHREZE L7 b ONIEY = f e
— T 5. 2T Bandt & Pompe(Bandt and Pompe, 2002) 325 L 727 — X itk T 5. B3 T IH ORI (X, Xe,
e X)) DEFE E OF (X, ez, s Xen) 2, 0=t=(T—n) IZE-> T T-—n+1[EHY BT & &, nEEZENICHEL
VMRS E o 72 < 22T 4L, KABMROSES (B5]) oFddIn! THS. o0& XKIEFIOMESE pilx, (0=t=(T-n)
OFPANTO, ZONEFIOMEE) [(T-n+1) L7250 T, oz hubt— (B> hat—) HRv vy /v
T hrE—EfEERIS,

12__I_I'I'|'I'I'I'I'| T T g III|Im T LI
11 g
10F //;
o :
5 8r !
7k |
I 6L
3 |
4r |
3t !
2

10t 102 10° 10* 10°
Section number
Fig. 3 Shannon entropy as a function of section number. O, black, xh = 0.5, y/(h/2) =0; ©, green, x/h =8, y/(h/2) =1.3; @, red,

x/h =20, y/(h/2) = 3.6. Vertical broken lines indicate values of (emax — emin)/A€ Of respective positions. Shannon entropies
increase first, then become constant.
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Hy, = —i pi log pi 3)

TERINS. Bl bebv—%, n—1 7T logn! CTERELT 2265 5.

EF = ha =% RO DHIZH Y, RETDHRENRT A= —FHITIREL 3255, T nlHOERENIC
FE LVMEDER D 5 L EOMVPNTH LD, HEMEZE LUVMEIDINZ TR EICT 2 HFIENREINT
V5 (Riedl et al., 2013)(Li and Fu, 2014). Z D34, Iz BT HVEA DN R2ND T, F—F ¥ n BNEHTHIL,
ANTHNCA 7o R/NBIFRITEEHE CEAL) SDTHAH. L LEHIOD X 91254 Z{ER DT — & T,
HZTRNBRZMINTH L0, EPEELRNFEEERMEELRELEZ, EENIZFELNLORHD &
WO EBLIEYICED S Z LT, HEMEFIIINA 227 W ZANEFIEIIRTR ORI LU MEN £ > 72 < 220
BHEonNL £ 055,

WIZ, B H3ESNOEFL n OBIRTH S, n BNO7R2FUINESOFEEN V7 725 DT, T —XDEL
ZTACRBETE R, L L n RS X5 L0 HE 28N 08 (T—n+l) 7L 725, X4 ISTEDOR RS
DEHERT ZBWEGEE T — 2 o 7Y o ZE D 262144 1255 L< L0, n 22 L SE-ED)ES = h 1 e —
OELERT. X 4@)DARITIES = ha e —2 n LTINS 501, IBSEEAENT 2006 THDH. 20
7= DIRFIE D2 %X 5 1R, NEFIENIRDIE n EHTHML TV D, BEET 1% 262144 &9 KRE W
DT, 3frEE L N=2TlE, WYEDIIESIEKE (=3) (2o TWD2, n=312/kR5 LAENHTLS D, n A&
HIZHER D CNEFEI T — I fafnd 5. ZAUTE Y 3 B RGERHERINE B OT —# i n oItk d &
(EXIB* 5L Taylor OF5 A7 —NDOA—4) ZOHFIZHNL 2 — 2 OFRENPAIRIC/RD Z L2 EWT 5
EEbID. AWFZETIEX 4)D n—1 TIESUL LEF= > b a B =23k RIZim b n=8 (X 4, 5 1 OfEmHRAL
&) ZERHT 5. ZhudsciEk(Riedl et al., 2013) THAR STV DIE 2~10 IZA> TN 5.

BZITCORRINOBEFI T ORINTHS. n=8 & LzkD, EF|= ko ' —LEFIED TI1ox4 521k

12
10

— 1 r 1 r 1 1 17T 1-2l|l|l|
1.01‘(0) :

0.8
0.6
20.4
0.2

H, [bit]

O N MO ®

H, / log n!

2 4 6 8 10 12 2 4 6 8 10 12

Fig. 4 Permutation entropy as a function of data number. (a) dimensional; (b) normalized by n-1; (c) normalized by log n!; O,
black, x’h =0.5, y/(h/2) = 0; ©, green, x’h =8, y/(h/2) = 1.3; @, red, x/h =20, y/(h/2) = 3.6. The dimensional permutation
entropy increases first because of the increase of the permutation number, then becomes constant when the data number
increases sufficiently.

10° er—1———

Permutation number

|
|
|
E/ |
100 r 1 1 1 1 1 :
2 4 6 8 10 12
n
Fig. 5 Permutation number as a function of data number. O, black, x’h = 0.5, y/(h/2) = 0; ©), green, x’h =8, y/(h/2)=1.3; @,
red, x/h = 20, y/(h/2) = 3.6. Permutation number increases first, then it becomes constant when the data number increases
sufficiently. This means that the pattern variation within sufficiently long hot-wire output data is definite.
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11 e
101 (a) 7
g' ' _ 10°
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= 7 £
9, 6 2103
c
= 5 §e)
T4 g 10°
S
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2 é‘_-’lO
1
0 10°
108 10* 10° 10* 10° 10> 10*° 10° 10* 10°
T T

Fig. 6 (a) Permutation entropy and (b) permutation number as a function of base data number. n=8. O, black, x/h = 0.5, y/(h/2)
=0; ©, green, xh =8,y/(h/2) =1.3; @,red, x/h =20, y/(h/2) = 3.6. Both increase with the base data number.

%X 6(a), (D)L RT. BiD x/h=05y/(2)=0 (OH) IZBWTTAVNESW I BIdIESEN 1 TH D
DL, n=8DTF —Z N _RTE LWL THS. EF|= ho e — %@ﬁ@%TtA_ﬁﬁL%mbfwé@
T, TIEV 7Y v 7iEm 262144 (K16 FOMEIRALE) Z8HT 5.

T2, BIERIZBW L, BEHRIIFEET DEER ) A ADTZDIEOZERNE T HOT, ZOEEE /A
RERET D202, BT —XIZEOT—FOEEBHEE msfEwERT LD Z LIZEY, wWIA/NIWERTIIEH)
DT — 2 OORAELL FICET 5 X 9 Ic &7z, BERICIE, RO ZB)E A& x/h=8,y/(h2) =13 Tix)=
o wERERLCTHENEDLRNE I, BT —ZIZ (BELED v/ Uy, (BB AAED u /Uy x5 Ui,

3:3 KLHFM/1R—PoX
KL & A /"= = AL 2 DOMERES ORI P(X) & QU DIR D24 B4 E RN E R T HIRIETH 0 (1,
/AR, 1999), RATHA BN,

P(x) dx

D=|PX)I
j(x)og()

(4)

Z T O0log(0/a) =0 (a=0) & KT 5. AMFFETIL 2 DONLE X, Y 12T DAV ST ZEENHEE u/U D PDF Th 5
mwm@kmwum@“ﬁ%ﬁ@%h%%#t 12, KLFANR—=Dx 2% RAD X H IR,

Py (u/Uy)

D=3 P (u/Us)In B0

A(U/Uy) (5)

FEUEGLE XL, WEIITR o7 2V T u MM (—=, ', 2012)(Ichimiya and Nakamura, 2013) & [A]
RRiZ, / AV OBEZOFLERE x/h=05y/(hW2)=0) & L7=. PDF X4 _T-1=u/Up=1 D#iPH % 400 43E,
T 72 HAU/Ug) =0.005 & LTRDT-

4 BREFBERRUBE
4-1 v/ x> bOE—
vy /vy hub—0x—y VY EtoarZ—~<y 7 EXTITRT. xh = 3 TiX AVANED yi(hi2) = 1
ITTHRKRTHD. Zk 0 bRl (yI(W2)D/NSUVMAD ITIERT v v a7 BN LTINS, T bbL)E
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WTINEV. BT oY a7 slkT o2&, FOE (y=0) 25TdH 58 yI(hW2)DIRWEHIFI T v / =
vha eI kE .

Hulvity =0 (OF)), MO% xR D88 rms i u' D y FagfilicBW TRk E 2 H070E (@H)) 12
By /vy bab—ox bz 8@icrd. Ebbd xh=4 FTHIFEML T, DBIHIIE—E
L%, @Iy vy b B HRABOTLIEBETORE - LTHABIEBE X b, EENIREL
TR MESREE XA AL Lo 7203 (—=1th, 2011b)(Ichimiyaetal., 2013a), ~ D>+ / >y b u B — (T HFHICH
MUTERICRST-HBBHE VD LRV, ZHEa/VE I a 7 EMERERITIC 3T AUl 2 VE I a 7 g
AK(—HE, HF, 2012)(Ichimiya and Nakamura, 2013) & & %700, =)L I v 7HHEEMATIC 0T 5 EFULIEREEE
B NCD L RIEROENT-MEE CTHDH. 7272 L NCD & [RERIC, ELFEBNEMT 5 xh = 10~14(— =1,
2011b)(Ichimiyaetal., 2013a) & » £ 72372 0 Bt THRRIZAR D,

REWREHODXIZBIT DYy /v br =0y FaZA b 8O mT . yl(hW2) B #imd 2 & vy /) o
haE—XE 5. xh = 3 OIS THD. X7 Oar X —HORGILE & 5 L, ) Xnsb
(yi(h2)=1) FHE T v/ vy buB—=RNERER->TEY, ZHIDEBNZOMNENOBESL Z L ERT &
Ezbb.

ZIT, vy /vy hu @it hEL, BURTREL RDBAEMELSMNOELETH. K 2I1TRL
72 3IED 5 HIEWED x/h=05,y/(h2)=0 (H=6.0269) & LD x/h=8,y/(h/2)=13 (H=11734) (ZH\TH
B35, X9 ICHENEOMER M 2T, BRI EABELE 2 AUotE TR @i T — 2 ma ORIT/RL
TEARTRHESD, ELE0) TIET —Z BE2EWTHEHBROLEZ/H N2, Wb 0 ThLMENRR LN, Zik
ANRD & 512, SFERELl LKL ENTHNDDTT —ZIMFELRWKENRSH 720 TH 5. 72t 2
TlEpilogpi=0 7255, ZNHRGRO X T v /=y br E—Zid&F5 L

ST, M9nbbnd ko, Bt CIIEREEOMAINS, FLWMEAZIDBENRZ\OT, Fik OB
W77 7 OnWDIdEN D2, R (BBOES) IIREW. 2oy /oy hr e —/hsL< 5. 2
ALK U CELE CIIE BB OFIPHAN AN DT, RHROBEES 7 7 OWbidgEn 2y (X o) W TiEZ
DOENEELTCND). ZODYy /vy hab—i k&< 25, (R, Eits LM oEELs DK E D
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Fig. 7 Contour map of Shannon entropy in x-y plane. Nine contour lines are drawn with ten equal intervals between the
maximum and minimum values. Shannon entropy is low in the laminar region and high in the turbulent region.
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Fig. 8 Shannon entropy as a function of (a) streamwise distance, and (b) flow-normal distance. In the streamwise variation, the
Shannon entropy first increases, then becomes constant. Therefore, the Shannon entropy can be a measure of the transition
process. In the flow-normal variation, it decreases as the flow-normal distance except for x/h = 3.
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Fig. 9 Probability distribution of fluctuating velocity at (a) x/h = 0.5, y/(h/2) =0, (b) x/h =8, y/(h/2) = 1.3. In the laminar region,
(a), the probability distributes in a narrow range of the fluctuating velocity, and thus the Shannon entropy becomes small.
On the other hand, in the turbulent region, (b), the probability distributes in a wide range of the fluctuating velocity, and
thus the Shannon entropy becomes large.

ERN Y )y N E—DEICE TS, 121 L, EHETAEEBHRETIZ Yy /v hrE—E KD
7 24541 (Shannon, 1948)ICUTWVR TH W, FELIE TIZEA TS, 2D X 9 ITHELEFO K& S OZELANIELK
DOIRIEEALDO L H 72 b DO TiE L, BHEEOHERICHER LTSI EN, vy /vy b= {lX VAT
7.

4.2 JRFIZTY FBE—

Jﬁﬂiybm8~®:y&—%mlom%¢.ik,$®ﬁy=0i:mﬁm KO X \Z81T DZEEEE rms
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Fig. 10 Contour map of permutation entropy in x—y plane. Nine contour lines are drawn with ten equal intervals between the
maximum and minimum values. The distribution of the permutation entropy is more complex than that of the Shannon
entrony.
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Fig. 11 Permutation entropy as a function of (a) streamwise distance, and (b) flow-normal distance. In the transition process,

the permutation entropy increases first, then decreases and increases again in the streamwise direction. It finally
decreases downstream.
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{b#K 11(a), (DIZZNZIRT

EF= fre—nary— (K10) Ty /o hab—ozi (K7) ITKIELETW5038, B
HEZAMBDH. K10 TiE3<xh<8IZHWTIEY= > b 7 & —DRWGEID ORI C e E L TR <DV T
BHEGYBEND. ZOFPIIRRFER =T 4 IS T 2D THA 9.

JEFI= Y b e —iE sy b e e 3R o THEMICELT 50T, ZI2hbiEZOZkic VTR
LSBT S, HlzIEK 11@)D x HHELICB W TIE, EbLDfEyY Th, £/ AVEE TIINSWET,
WIS\ T2 AN L TR & 72 5 725212080 U, BEOMEINT 2 2N mCIZFE O 3%, 2 2D y TOAIE
HNZHIE X HIA) (2207 FLTWAETR0T, {FE LThLE (OF) OE{bazEE1 5.

X FRWEHoOREE LT, / AVEEZO/NIVEDONE (xh=15), D UEMLUANE (h=20), WKAE

(Xh=25), Wolo AJEAD LTINS 72 HA00E (Wh=4), RO LT xth = 2.5 ORKAE & FIFREEEIZ 722 D00 (xh
=8), NMOMRARALE (xh=14) O 6 WA R, B oZ(be F MM E2EET 5. Xe L TEEERE (X
12. FEEhIET— 4 200 f# ([ 0.04 F0) 43 C, LZIAMED H L7EFIOT —2 % n = 8125 L. fddhi 3ok
\ZHBI LB NEBETH 5. ), BEHRE T —2~7 hL (¥ 13. ZEEEOHETHRLTND), £F5—
42 (262144 ) WD 2 DOED 5 B, KZIDMEOFOMER RN L0 SN GREEEZ(LR A/t H3IE)  F 7213
(Al H3 ) ETITFE L (AulatH30) HODEHE (X 14), O L7 n=8 OB AT HFEM (3K
FIND 7D AUA H3TRTIE) TG (FT_XTH) 5% (X15) Z2#i<. K1l@), 14 X151
1% 6 KT D xh IZHiERR A 81 < .

£ ZAVERO xh = 15 T, KEEERTE (X12(@) 22550025 £ O ICHEZE DV NSV, )22 14
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o :918 : Fig. 13 Power spectrum density, y/(h/2) = 0. (a)
e ST . A , x/h = 1.5; (b) x/h = 2.0; (c) x/h = 2.5; (d)
0 16 32 48 64 80 96 112 128 144 160 176 192 x/h=4; (e)x/h=8; (f)xh=14.The
data number power spectrum is divided by variance
Fig. 12 Fluctuating velocity signals, y/(h/2) = 0. () x/h = 1.5; (b) x/h = 2.0; (c) x/h of the fluctuating velocity. Therefore,
=2.5; (d) xth = 4; (¢) h = 8; (f) x/h = 14. The axis of the abscissa is 200 the area under the spectrum curve
of the data number. The range corresponds to 0.04 s of time. Note that the becomes unity.

ordinate scale is expanded according to the fluctuating velocity.
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Fig. 14 Fraction of positive (O, red), negative (V/, blue) or zero  Fig. 15 Fraction of monotonic increase (O, red) or decrease (V/,
(O, black) of Au/t within one permutation, y/(h/2) = 0. blue) within one perm_utation, y/(h/2) =0. With _the
First, in the laminar region, the fluctuating velocity is low, growth of the fluctuating velocity, the monotonic change
therefore, the fraction of zero is larger than that of positive becomes dominant. As the irregular fluctuation becomes
and negative. As the transition proceeds, the fraction of QOmlnant, the monotonic change becomes less
positive and negative increases. important.

WZRWTaulat OIE (OFI, 26%) <08 (VHI, 25%) 23072<, 0 (O], 49%) 2%\, ZO7dE b/ ¥ —
> OFAT 72O BIEFIEE D 72 < NEFI= Y ke B —F/h S0,

JEF = ha =30 LN L7= xh =20 12705 &, B (X 12(0) 2250035 X O (S8 23
MLTND. DI 14 12BN\ Caulat DIE (OF1, 36%) & (VHI, 35%) 238hL, 0 (DRI, 29%) 738
D LT, ZOTDE N E — U FEET b BIEFIEBUIHEI L CIES = b v e — 3 L 7.

FRINLE xIh=2512725 &, Bl & & EHELABOHEIMNC LY, K14 128\ Cauldt OIE (OF), 43%) & (V
Fl, 42%) 238001, 0 (OFN, 15%) 2N 5. 7277 L 2B b % — U FEEORB ICH G+ 5. FoRb
0, ZEDHRD TREZREICETITEL TOARVOT, du/dt OTERLEADHMITERE L. 202 &3 15
O n =8 FEOHEFNNERITHFHEIM (O 325011 5.9%, HFRED (VH) T2501X58%E V)9 /NSVWMETH
HZ KL TS, ZRFS LT, 2% — T e b bIEYIEIE S 128 L CEY = e e'—
WU, 2O F — 03, ELRS CEBRTIUI LR ECTRLNDERTT 4 O F— B ER L,
Z OIS A — RiEfEOEI T2 BT 5 LI TX X ).

W T2 A U CTHWIMZE xh =4 12705 &, Bl EfeE B OHINC LV, X 14 (230 Taulat OIE (OF], 50%)
A (VHL, 48%) 2380L, 0 (OFH], 2%) 23203720 Uiz, T7Rb b b\ F — FEEN - 72, £72 x/h
=25 X0 AN LD T, Aua OERSLCAMBMIEERE T2 (X 15 O (OFI) 1% 19.3%, HiFHH
A (VED X 81%ICETHIMLTWD). Zh b Z —FHOBICEHEST 5. £72K 13d) D/ 3T — A~ |k
BB OND K DT, KERZREE DR (AT SAGARO Y —27 O#) A L, 200Hz X° 300Hz D—
EEEN T 22 &b, B Z—VFEOBDICTET 5. fR, b 3ERMFFRE L TE b —
VR 72 o BINESIEI IR LS = > e B —d s L7

FFOMENN L CHRAE & [RIFEEE D xth = 812725 &, 14 1 Hbnd K918, Aulat DIE (ORI, & (VHD), 0
(O T xh=4 L1IZFED ST, EXLABHAMOER X b xh=4 L0 5720 (1K 15 O HFFE N (OF)) 13 15.2%,
HFED (VED) 11X 16.1%). Mz TR =27 hL (1K 13(e) M Hond L HI8, KEMEE RO S
DI U TSR S (100HZ 58) 721512720, Ziud xth=4 & [RERICE L R 2 — U FEE T 7 b BIEGIE O
T ET 5D, Ly LEEERIZR 12 2255035 £ 9 ICARBRIEE N B 5. 2 b 3% — RO
Iza 5 LClEd =2 b e e —3Hghn L7-.

RIGIExh =142 58, 1UAICHHE 51, aadE (OH), & (VHD, 0 (O IIxh=4 L1123
L, X EEEERE (K 12(F) 2250005 X ) ICARRIEBIN LRI /5. Z O Al DIER
ANEHETHMMA xh=8 XV b5 (X 15 OHFHH (OF)) X 1.6%, HFEA (VED) 1% 2.2%I2 % Tl
D). TR Eb RS — AT 72 BIEFE O w5 U CIES = > b e B3 L7z,

728, xh=14 %@ X% LAY = b E—I X PRI 22, IR 15 Ic&bivTnsd L olg, B
FHEEINSCI D DR E X D720 TH D,

UbZzELDD L, BATEOHRERBERICH T 2EEE OIS, JEHZER ) b AHAIEE ~DORDZ
bz, B b o B — X BRI T 5.
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Fig. 16 Contour map of Kullback—Leibler divergence in x-y plane. Nine contour lines are drawn with ten equal intervals between
the maximum and minimum values. With the Shannon entropy, the K—L divergence is low in the laminar region, and high
in the turbulent region.
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Fig. 17 Kullback—Leibler divergence as a function of (a) streamwise distance, and (b) flow-normal distance. In the transition
process, the K—L divergence increases first, then slightly decreases downstream.

4:3 KLFAIN—DT VR

KLAANR=V 2 AD DI Z—%K16 1257, K16 T xh =0 y(W)IZH1F HEDS, & DOALED u & PDF
ZXE)DPyU/Uk L7=D THDH. M7 D¥x /) = hub— LS, / AVEZOBIR CIHEThs <,
ELISERS OREIT L3RI L T 5.

KL A A NR—=x 20, Hibfity = 0 B (O, KUY x 12361 228 rms i o> y A5 AIZIBNT
KL H0E (@FD) 12315 x HmZ ks, EI-REMR 5 DD xIZBIT 2y FZEbzX 17(a), (b)IZZh
IR, X 17@) D x FAZE T, FOR E T xh =7 £C, L8R RALE Cld xh =10 FTHINL 2%,
TR NI LC, RRROITEl 2V 3 u 7HMEE AK LRI EIZ R L, BB Lo, REE
DOELFOERBMEITOMIE &+ D ITEPRH 5. K 17(b)D y FHZELDOFT T, KHEH2 b DI xh = 3 DA TH
0, "7y ary Thd /) AVFLTELS, / ZAUREMETRKE L, ZOMOEBBETZ/RL TN,

5. #EFKDPIF FEKICEIC v/ VI bOE—FERITONT

ELNGOBEITEL = 3L X — RSV B VX — ARk, #oft, BEhie EOMIRIC X K& i
J& L7-(Townsend, 1956)(Rotta, 1962). —7J5, ZHE TIATRDLNIETY v/ = bu E—DW%EE, FhH
B Gt LTe o Aic BT 2 H O TH » TENEGD S & FREAMICITE R VT, £ 2 Tilhhem pL ¥ —
FREXE RSSO ¥ / vy hr E—HRAEZENT, B BRI OWTEEMICEETHZ &
0B, VX /b a OSSR 2 WEREREO TR0 52 T<nD EMfF SN A DT, LLFTZ
NEREHT 5. ZRBANROBKRELIROFEEE M OFETITT v / = e B —g KER#EEZ V2 b 0
T(Chiu, 1987), '+ / T bu B —DOELITEORE -6 O TiHRW

UTFTIET YA EEHAWD I, RIEE TORE & ITR R0 5F V5. SIS,

u=(u,v,w) — (ug, Uy, Us) (6a)
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X=(XY,2) — (X1, X2, Xa) (6b)

T 7%. Pope DA (Pope, 2000)DFL A2 EH T u DEEAZERZ v = (v, Vo, va) TET. 16> T vild X, t & [F UIHAT
BITH D, LENEE ORI PDF % Pope IZit~> T g £EL. T74bb

g(v; x, t)av (7a)

WRNT X, tHITELRSG OB S 2 L T D, X (Ta) 1383 E O FHE u = W) DR

Vi < Uj < Vj +Avj (7b)

LR BMERERT. ok, ZTERG THL I LR EFEETS.
REMRIORT - OIHA TRl &L, A= BANTHE, g 0TI T - 2 h—27 2AHEAEHVTik
DI & 7 % (Pope, 2000).

Z(9)=#(9

6(\3& (gCi) (8)

KR FIRAEER T LD LT .

.,CZ: i U
+V, " +( >6xi (9a)
0 0
M = A~ivi——Bi»i—
gy By (%)
oU; 0
Aj,i = éxij> Bij,i =ani<uiuj> (9C, d)
c _<Vv o Lo, > (%)
P OX

(Ui) PR D i pledy, pr ZEBNES ThH D, AjETHIREOZERMAR, Byl LA/ VRISTT v Y VD%
AR TH 5. CilIZLENEE ORI & BT ARLORMO, LBEERAZERMOME v & L7z & & ORMHT
BTHhD.

KDOEIITh ZHEATD.

= —glogg (10)

X OZBTFDHV Y /o b bE—HIL, £ITOhEZEREMEERICES TS LERATEZ b5,

H = [[[hdvdv,dv, (11)
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= CITRRE TSI T Boltzmann SRR 6 Bolzmann-Gibbs = b 1 B — A < FEEICHE, I (8) D
WL log g 272N CTHILS 5. 2, AT HOWTIIRADEL Y 2o,

(logg)Z(9) =< (glogg) -£(g), (logg).#(9)=-#(glogg)—-.#(g) (122, b)
ZAUEH 20X
9 _,10 a
(logg)vi x V.{ > F } (12¢)

ML LD, fOTEIZDWT b FREREENAIRE/R Z & DD, CHEIZOWTIIRD L H BB 5.

ac, d g
I —=Ci- C gl C
(099)( v, -9 5.) 5i( glogg)+ v, (12d)

INHOEE AT e 8) ZilxNZ, FiUI (10) DEEEZMRATIUE h OFEXBZ KD X HI1E
b,

Z(h)=(h 69 (13)
ZNENZTTDBMRGITT D LIk L 70 5.

oh ia—h+<ui> on =V oUs) oh ouu) o [h<vV2ui _Lla, >]+ga<vV2ui —aplv> (14)

ot 8Xi 6Xi aX, aVJ aXi BVJ 8Vi £ 6Xi aVi i

X (14) OFnE, i h OIEFZM, FEAZER TO/NE, WHEZER TOMRAZ KT S. FiH 15X
TYYIAV(U) &, v EVNDT UYL DT Y ANRREERT D, 22 To(U ;)] ox ZRFET > L & IR
W7 Y OS2 Z Lic k0, A 1 TRl 725,

1[a<u’,.> a(u»}/i 6h+1(5<U1> 8<Ui>J on (15)

_ v,
ov j 2 O%; OX i ov i

T IR HWHZER COWMBEROEIGRET > Y VG5 22 L L EHET > Vv GREEITAY) MBI 54
BiZrT 6ns.
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TiEZZ

(;Jr(ui);jﬂjhdvldvzdvs =%+<ui>% (16a)
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%J.ﬂvihdvldvzdv3 (16b)

Epn. X (16a) IIWHZERCOMEH O H OIEEH ML O E Lz B9 5. X (16b) (TvZEfTcoh o1
WE—A v NOWBRZER] COEREZEW®T S, PDFDE—RA L FERILT, ZO®RIIIOBOENPEET DI
WZDOHBEMEFFO., FIUOFHOFEMNIOW T HRBEREESLETH S, 72X (16a) OLHIZ H TR
TZLIIRETHLDO TR (14) D hDOROBTHDL Z LT bH.

6. # )
2 WITMEIEH P TERR S D IRA 8 OJg It — FLTGERBIRFRIC DUV T, B0 20E 21 7 MR 2 X D it (—
, ", 2012)(Ichimiya and Nakamura, 2013)i :ﬁ’*fil/ \T, HHGRrEE W 2170, BLT OfSima 1572

mﬁ@ﬁr@%+\ﬁ@/¥//I/Fﬂt BABOILTER BRI B W THEINIEIN L T, &LInER
DOREE L 720155,

QEBEEEDONEFN = b r B — L NiictEie &, BN, W, BN, R LB T A0, ZAUXIRAEO
SLTERBIRRRIC T 2 B ORI, JEIZEI) b AHAIET ~ DR OZ LA KB L T\ %

(Q)VEBEE DOREREFERIELD KL XA /"= = AU, FIDIIEINT 2 23, ek & 72 o T2 %X i Tl L C,
IRA B OTLFGERIREL 238 L CHERICITZ b L,

@ v/ =y ba E=NELRE Tl T _RE XA EX, LA VRIS E ORE R B DEEE
Mz 7=

A1, OIS bARRILOFEZEA L, a3 55tECHS. - (16) OEEFEITLIES
LH MRS O G ORX A B X, KEOYENEREH O MNIT 22 ENEEND.
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