J. Math. Tokushima Univ.
Vol. 54 (2020), 57 — 638

Decay Rates of Solutions for Non-Degenerate
Kirchhoff Type Dissipative Wave Equations

By
Kosuke ONO
Department of Mathematical Sciences,
Tokushima University, Tokushima 770-8502, JAPAN

e-mail : k.ono@tokushima-u.ac.jp
(Received September 30, 2020)

Abstract

Consider the Cauchy problem for the non-degenerate Kirchhoff
type dissipative wave equations with the initial data belonging to
(H2(RM)NLYRN)) x (HLRN)NLY(RY)). Using the Fourier trans-
form method in the L? N L'-frame, we can improve the decay rates
of the energies given by the energy method of the L?-frame.

2010 Mathematics Subject Classification. 35B40, 35L15

1 Introduction

In this paper we study on decay estimates of the solution u(t) for the non-
degenerate Kirchhoff type dissipative wave equations :

pu”—i—a(HAl/zu(t)Hz) Au+u' =0 in RY x[0,00), (11)

u(z,0) =up(z) and u'(z,0) = u(z) in RV, .
where u = u(x,t) is an unknown real value function, ' = 9/9t, A = —A =
- Zjvzl 62/893? is the Laplace operator with domain D(A) = H?(RY), p is

positive constant, and || - || is the usual norm of L2(RY), that is,

1

7= ([ 1r@pas)” for fe 2@,

For the non-local nonlinear term a(M) € C°(]0,00)) N C?((0,0)), we as-
sume that as follows :

Hyp.l K; <a(M)<Ky+ KsM” for M >0
Hyp.2 0<da'(M)M < Kya(M) for M >0
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Hyp.3 o (M)M + |a"(M)M? < KsM” for M >0
with v > 0and K; >0 (j =1,2,3,4,5).

For a typical example, we have
a(M)=1+M" with ~>0.

Equation (1.1) describes small amplitude vibrations of an elastic string when
the dimension is one (see Kirchhoff [5] for the original equation, and [1], [2],
8)).

In the previous papers [12] and [13], we have derived the following decay
estimates of the solution u(t) of (1.1) (see [3], [9], [11] for degenerate equations).

Theorem 1.1 Suppose that the initial data (ug, ;) belong to H*(RN)x HY(R1)
and ug # 0, and Hyp.1 and Hyp.2 are fulfilled. Then, there exists pg > 0 such
that for any p € (0,po) the problem (1.1) admits a unique global solution wu(t)
in the class C°([0,00); H2(RY)) N C1([0,00); HY(RY)) N C2([0, 00); L2(RY))
satisfying || A ?u(t)||? > Ce=t with some o > 0.

Moreover, if Hyp.3 is fulfilled, then the solution u(t) satisfies

A 2u(®)? < C(1+6)7", (1.2)
[’ @)1 + [ Au®)]* < O +1)77, (1.3)
[AY2 (02 + [l @) < CL+ )77 for t>0, (1.4)

where

0 =min{2, 1+ 2v},
o= min{3, (1+7)(1+2)}.

In order to derive (1.2)—(1.4) in the previous paper [12], we use the functions
E(t), F(t), L(t) defined by

.mw=pmwm?+AM@ammﬂ7Aﬂw=nm”mww, (15)

F(t) = pll AV (1) + a(M (D) Au(t)]?, (1.6)

L) = ol @) + ae) A 2w @ + LD e wr
respectively.

Moreover, we have derived that the functions E(t), F(t), L(t) satisfy the
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following inequalities :

sup E(s)’<C (E(t) + sup ||u(s)||2> (E(t)—E(t+1)), (1.8)
t<s<t+1 t<s<t+1
sup F(s)?<C (F(t) + sup f(s)?+ sup M(s)) (F(t)— F(t+1))
t<s<t+1 t<s<tt1 t<s<t+1
+C ( sup  f(s)* 4+ sup M(s)) sup f(s)?, (1.9)
t<s<t+1 t<s<t+1 t<s<t+1
where
F(#)* = min{M(£)**, M(t)*7[| Au(t)[|*}, (1.10)

sup L(s)><C (L(t) + sup h(s)?+ sup ||u'(s)||2) (L(t) = L(t+1))

t<s<t+1 t<s<t+1 t<s<t+1

—|—C’( sup h(s)*+ sup ||u’(s)||2) sup h(s)*, (1.11)

t<s<t+1 t<s<t+1 t<s<t+1
where
. 1
) [ ()12 A 24! (2) |2 it 0<y<3
)2 = (1.12)

M) W @AV () if 72%.

When the initial data (ug,u1) belong to L*(RY) x L'(RY), we can derive
the decay rate of L2-norm of the solution u(t), and then, we will improve the
decay rates of (1.2)—(1.4),

Our main result is as follows.

Theorem 1.2 If the initial data (ug,u;) belong to LY (RY) x LY (RN) in addi-
tion to the assumption of Theorem 1.1, then the solution u(t) of (1.1) satisfies

lu@®|> <CA+1)", [JAV2u)|* < C(1+)717, (1.13)
o’ ()1 + |Au(®)[|* < C(L+ )7, (1.14)
o' (t)]]2 + |Au(@®)|> < C(1L+t)"* for t>0, (1.15)

where
n =min{N/2, 2},
w=min{2+7n, (1+2y)(1+n)},
p=min{3+7n, (1+7)2+n), (1+7)1+27)(L+n)}.

The notations we use in the paper are standard. Positive constants will be
denoted by C' and will change from line to line.
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2 Integral Forms

We denote the Fourier transform of g(x) by
Flaa)(©) =3 = r) ¥ [ e g(a) de.

N
where § - v = 3",_, &z ;.
Through the Fourier transform, we can rewrite (1.1) to the following equa-
tion :

{pﬁ”+u+a( OPa=/MB)Au i BRY x[.00),

W(E,0) = w(€) and @(E,0)=w(€) in RY,
where f(M) = a(0) — a(M). Then, we obtain the integral form for (2.1) :

A(E.t) = TL(EN) + TR (ED) (2.2)

where we set
THED) = 5 (D160 + &N T(E) + & HTE),  (23)
v (et = / ba(E,t — 5) F(M(5)) Au(€, 5) ds (2.4)

and

¢ At
26_27czosh2— if €€ X;UXy,
P

¢ t
26750083 if £eXs3UXy,
P

t ¢ 2p . At
1/ 1ix N —e 2P£smh— if €€ X7UXo,
(b(ft) 7e2pt_e2pt: P At 2p
A t _+2p . ot .
—e 2 —sgin— if £€X3UXy,
p At 2p

2
+
=
>
—
|
N
=)
IS
o
[\
o
=
(o}
<)
|
N
)
IS
N
=
"~
S

la
I
——
s
™
A
—~
[N
w
IS
(=}
N
\_/
m\»—A
—

p
Xo = {¢| (2°pa(0))”
Xs = {&] (2%pa(0))* < €] < (2pa(0)7#},
Xa={¢ | (2pa(0) "% <€)}
We denote the cut-off functions x,(-) for j =1,2,3,4 by

, . 1 if £€Xj,
Xj(g){o it £¢X;.

IN
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Proposition 2.1 The solution u(t) of (1.1) satisfies

=)z

lu@®)|l < C(1+1)" +C/0 (14t =) FM () l[u(s)]l ds

+/67%|f(M(s))\\\Au(s)||ds for t>0. (2.5)
0

Proof. (1) First, we estimate the linear part (2.3). From the Parseval identity,
we observe

lur @) < CZ 13 (€)(I¢1.(&: )] + [d2(8, D)D) (Juo ()] + [ur ()l

4

< CL) o)z + [[ur(€)ll=) + szj(t)(llﬂﬁ(ﬁ)l\ + [[ur(E)1)

< L) (luolls + lhurllz) +C Y L) (luoll + usl)

Jj=2
where we set

i @©on (& D+ o2& DI i =1,
T 2w (O + o6 0D j=2,3,4.

(1) When £ € X, we observe that 1/v/2 < A <1 and —1+\ < —2pa(0)[¢|?
and

sup (|1 (€, )] + [¢2(&,1)]) < Cem @@t
X

and hence,

L(t) < Clxa(€e Ok < ¢ (/ 62““”%5)
X

1
1
2

)
<C ( / 5|N—1e—2“<°>'5'2td|s|> <C+1)° 7
0

with 6 = (23pa(0))~2 > 0.
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(ii) When ¢ € Xo, we observe that 0 < A < 1/4/2 and

sup |o1(&,t)] < Ce =32 ,
£EX2
_t 20 . At
sup |¢o(&,t)] < Cte 20 sup |— sinh —
§€X2| ( cex, | M 2p
: 20 (' d pY;
= Cte” 2 sup i — (sinh 0) da‘
£eXo At 0 df 2p
_t )\t —(1_L)L
< Cte 2 sup |cosh —| < Cte V325
£€Xs 2p

and hence,

I(t) < Ce ™"

with some 0 < v < (1 —1/v/2)/(2p).
(iii) When ¢ € X3, we observe that 0 < o < v/2 and

sup |1 (€,1)] < Ce™ 2,

£EXs
2 t
sup |p2(&,t)] < Cte™ 2 sup Pgin 2t
£€Xs cexs, | ot 2p
: 20 [t d t ,
— C’te_’;? sup i/ - <sin09) dQ‘ < C’te_ﬁ 7
€EX, ot Jo d 2p

and hence,
I3(t) S Ce_”t

with some 0 < v < 1/(2p).
(iv) When £ € X4, we observe that o > V2 and

Sup (191(6:8)|+ [6(6,)) <Ce % and I4(t) < Ce % .
€Xy

Therefore, we obtain

lur @) < CO+ 67 (Juolls + fur]|e:) + Ce ™ (fuoll + llual)) (2.6

with some v > 0.
(2) Next, we estimate the nonlinear part (2.4). From the Parseval identity,

we observe

lun ()] < / lba(.t — ) Au(E, s)|||F(M(s))]| ds
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and
I62(&,t — 8) Au(E, s)|| < Z x5 (&) b€, t — 5) Au(€, 5)]
=
23) G (I Ba(&,t — )&, 8)I| + Ixa(&)pa (&, t — 5)Au(€, 5)]|
]:3
< Z (t = $)[lu(s)[| + CJa(t — 5)]| Au(s)|
where :

sup [¢%]ga(&,t)| if j=1,
£eX,

sup |¢2(&, ) if j=2,34.
EEX;

Jj(t) =

(1) When ¢ € X1, we observe 1/v/2 < A < 1 and —1 + X < —2pa(0)|£|? and

sup |2 (&, t)| < Ce @Ot
£eXy

and hence,

Ji(t) < O sup |efem @@ < 0147
£eXy

(ii) When ¢ € X, we observe that 0 < A < 1/4/2 and

sup |o2(&,t)| < Cte~ (-
£eXo

%)% and Jo(t) < Ce ¥t

with some 0 < v < (1 —1/v/2)/(2p).
(iii) When & € X3, we observe 0 < 0 < /2 and

sup |¢o(€,1)] < Cte™2  and  Jy(t) < Ce™
§€X3

with some 0 < v < 1/(2p).
(iv) When £ € X4, we observe that o > V2 and

sup |p2(&,t)| < Ce % and Ju(t) < Ce % .
£€Xy
Therefore, we obtain
t
(0l < € [ (1= )7 Q1) o) ds
t —2
+C/ e” 7 [f(M(s))[[|Au(s)]| ds . (2.7)
0

Thus, from (2.6) and (2.7) we conclude (2.5). O
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3 Energy Decay

Proposition 3.1 Suppose that the initial data (ug,uy) belong to (H*(RY) N

LYRN)) x (HY®RN) N LY(RY)). Then, the solution u(t) of (1.1) satisfies

lu®)]* < C(1+8)7"

M(t)
O =l 0P+ [ alwdn < c(140t
0
M(t) = [|[AY2u(t)|? < C(1 +¢) 7"
where n = min{N/2, 2}.
Proof. We observe from Hyp.2 that

F(M)=a wy—MM):—%;—uWMﬁw
[

Ju@®)]| < €1+ )’TJrC/ (L+t—s)7 M(s)[Ju(s)| ds

and from (2.5) that

2

+c/ =5 M(s)" || Au(s)| ds

and from (1.2) and (1.3) that

N
4

lu@®) < C1+1)~ +C/ L+t =57 (1 +5) " uls)] ds

+C/ T (14 s)"Gtds

§0ﬂ+ﬂ’§+Clkl+t—@40+ﬂYﬂm@st

with n = min{N/2, 2}.
Setting

p(t) = sup (1+s)%u(s)],
0<s<t

since ||u(t)]| is bounded, we have that for 0 < 7 <t and any ¢ > 0,
(14 7)2 [|u(r)l]

[NIS]

<C+C001+7)

<C+Cu(t)'==,

(3.1)
(3.2)

(3.3)

: i =387t s)" 2= ggy(r)-e
(A 3é>u+ )1+ ) dsp(r)
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and hence,
p(t) <C or u@®)|* <C+1)7". (3.5)
Using (1.8) together with (3.5) again, we have
sup E(s)> <C(E{t)+ (1+t)"") (E(t) — E(t+1)). (3.6)

t<s<t+1
Applying Lemma 3.2 to (3.6), we obtain
E(t) <O 4t)~t

which implies (3.2) and (3.3). O
We used the following Lemma for the energy estimate (see [4], [6], [7], [10]
for the proof).

Lemma 3.2 Let ¢(t) be a non-negative function on [0,00) and satisfy

sup  ¢(s)' ™ < (koo () + k(1 +6)77)(6(t) — ¢t + 1)) + ka(1+1)77

t<s<t+1

with certain constants kg, k1,ko > 0, a« > 0, 8 > —1, and v > 0. Then, the
function ¢(t) satisfies

1
¢(t)§00(1+t)‘97 6 = min{ —;ﬁ, 1104}

fort > 0 with some constant Cy depending on ¢(0).

4 Improved Decay Estimates

Proposition 4.1 Under the assumptions of Theorem 1.1 and Proposition 3.1,
the solution u(t) of (1.1) satisfies

F(t) = pl| AV (0% + a(M (t)) | Au(t) || < C(L+8)7, (4.1)
lu' @)1 + [u” (@) < C+1)7,
where w = min{2 +n, (1 +2v)(1+n)}.
Proof.  From (1.6), (1.10), (3.3) we observe
ft) < CA+ )~ 0200+ and f(t) < CA+ )" E@E) . (4.3)

Using (1.9) together with (3.3) and (4.3), we have
sup F(s)2<C (F(t) +(1+ t)—(1+17)) (F(t) — F(t+1))
t<s<t+1

+C01+ t)—(1+27)(1+n) sup  F(s)
t<s<t+1
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and from the Young inequality, we have

sup F(s)2<C (F(t) F(1+ t)‘(1+")) (F(t) — F(t + 1))

t<s<t+1
+ C(1 4 t)720+200+m) (4.4)

Thus, applying Lemma 3.2 to (4.4), we have
Fit) <C(1+t)™Y with w=min{2+7n, (1+2y)(1+n)}.

Multiplying (1.1) by 2u/(¢) and integrating it over RY, we have

p%llu’(t)ll2 +2[ ()] = —2a(M (1)) (Au(t), u(t)),

and from the Young inequality, we have

p%l\ﬂ’(i)ll2 +lu' @ < a(ME)?|Au@®)]* < CA+)7,

and hence, we derive the desired estimate (4.2). O

Proposition 4.2 Under the assumptions of Theorem 1.1 and Proposition 3.1,
the solution u(t) of (1.1) satisfies

L) = ol ()1 + +a(a (0] Auf (07 + T2

<C(1+t)", (4.5)

M (t)]?

where = {347, (1+7)(2+n), (L+7)(1+29)(1 +n)}.
Proof. (i) When 0 < v < 3, we observe from (1.12), (4.1), (4.2) that

h(t)2 <O +)~ % and  h(t)2 < C(141) L) (4.6)
Using (1.11) together with (4.2) and (4.6), we have

sup L(s)? < C (L) + (1+¢)7) (L(t) — L(t + 1))
t<s<t+1
+CA+t)~ Y sup  L(s)
t<s<t+1

and from the Young inequality, we have

t<sg£)+lL(s)2 <C(LE#)+ (1 +1)7%) (L(t) — L(t+ 1))

+ C(1 + )24 (4.7)
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Thus, applying Lemma 3.2 to (4.7), we have
L) <CA+t) ™" for p=min{l+w, (1+y)w},

which implies (4.5) for 0 <y < 1.
(ii) When v > I, we observe from (1.12), (3.3), (4.1), (4.2) that

h(t)> < C(L+1)72% and h(t)> < C(1+1t)"3“L(t). (4.8)
Using (1.11) together with (4.2) and (4.8), we have

t<s1£+1L(s)2 <C(LE#)+ (1 +1)7%) (L(t) — L(t + 1))

+C(1+1)72% sup L(s)
t<s<t+1

and from the Young inequality, we have

sup  L(s)? < C(L(t) + (1 + 1)) (L(t) — L(t + 1))
t<s<t+1
+C(1+t)7%. (4.9)

Thus, applying Lemma 3.2 to (4.9), we have
3
L(t)<C(1+4t)™" with u= {1+w,§w} =1+w,

which implies (4.5) for v > 3. O
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