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Abstract

Let [ be a fixed odd prime number, and p = 2¢l® + 1 an odd
prime number with (¢,2l) = 1. For 0 < n < e, let k, be the
subfield of the pth cyclotomic field Q((,) of degree 2. It is an
imaginary cyclic field of conductor p. We study the Galois module
structure and Iwasawa type “class number formula” of the [-part of
the class groups of k,. Moreover, we give numerical examples for
p < 1,000, 000.

2010 Mathematics Subject Classification. Primary 11R29; Sec-
ondary 11R18, 11R23

1 Introduction

Let p be an odd prime number. In [7] (resp. [8]), the order (resp. the Galois
module structure) of the minus ideal class groups of the pth cyclotomic fields
are studied. In [3], the order and indivisibility by prime numbers of the minus
class number of the pth cyclotomic fields are studied. In [4, 5, 6], the order and
the Galois module structure of the 2-part of the ideal class groups of certain
cyclic fields of conductor 8p or 8pg, where ¢ # p is an odd prime number. In
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these papers, we can see Iwasawa type “class number formula” for the [-part
of the ideal class groups, where [ is a prime number which divides p — 1.

Let [ be a fixed odd prime number, and p = 2¢l® 4+ 1 an odd prime number
with (¢,2l) = 1. For 0 < n < e, let k,, be the subfield of the pth cyclotomic field
Q(¢p) of degree 2i™. Let A, be the [-part of the ideal class group of k,,. The
formula claims that there exist non-negative integers ng, i, A and an integer v

such that
[Ag] = it

for ng < n <e (cf. [3, Theorem 3]).

In this paper, we study some fundamental results on Z;[[T]]-modules in
order to explain the formula and the Galois structure of A,,. We discuss con-
ditions which determine Z,;[[T]]-submodules by their indices, and satisfy

Ay =~ (215 2) PP @ (2)1°7) %P

as an abelian group. Moreover, we give numerical examples of the formula for
imaginary cyclic fields of conductor p < 1,000,000 and degree 21™.

2 Fundamental results on Z;[[T]]-modules

Let [ be a fixed prime. Put A = Z[[T]]. Let f(T) € A be a distinguished
polynomial
f(T) =T+ ax_ 1T+ - a1 T + ao,

where p|a; for all 0 < i < A—1. Let M be a finitely generated torsion A-module
with the characteristic polynomial {# f(T') for a non-negative integer p. Then,
we have a A-homomorphism ¢:

m T

v M@/ GB_EBA/(fj(T))

i=1
with finite kernel and co-kernel such that
p=7_mi and f(T)=T]FD)
i=1 j=1
where f;(T) is distinguished (see [9, Theorem 13.12]). Put w,, = (1+7)"" — 1.

Proposition 2.1 (§13.3in [9]). Assume that f(T) is relatively prime to wy, for
all n. Then |M/w,M| is finite for all n. Further, there exist a non-negative
integer ng and an integer v such that

(M M| = " A

for all n > ng.
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The above assumption is not necessary for the following proposition.

Proposition 2.2 (§13.3 in [9]). There exist a non-negative integer ng such
that N
|wn_1 M Jwp M| = [#" (=D+A,

for all n > nyg.

From the above proposition, we easily obtain the following theorem, which
explains Iwasawa type “class number formula” for a finite A-module M.

Theorem 2.3. Let ng be a non-negative integer which satisfies the condition
in Proposition 2.2. For m > ng, put M = M /w, M. Then,

|wn,_1M/wnM| — l#l"_l(lfl)Jr)\.
for allng < n <m.

In order to study more precise structure, we show the following theorem.

Theorem 2.4. Let f(T) be a distinguished polynomial of degree X\ in A. For
M = A/(f(T)), every A-submodule M" of M is determined by the index | M /M’ |
if and only if X =1 or f(T) is an Fisenstein polynomial. Assume that X = 1
or f(T) is an Fisenstein polynomial. Then, if |M/M'| = 1",

M/M' ~ (Z)I°Y2)%*~° © (Z/1°7)®°,

where n and b are unique integers satisfying n = X(s — 1) + b with s > 1 and
0<b< A—1.

Proof. If A = 1, the A-submodule M’ of M of index " is I M. Assume that
f(T) is an Eisenstein polynomial and A > 2. Let ¢(T') € A\ (f(T)). By l-adic
Weierstrass preparation theorem, g(T') = 15 ~wu(T)h(T) mod (f(T)), where
s > 1, w(T) € A*, and h(T) a distinguished polynomial of degree ' < .
Then, we have

(f(T),9(1)) = (f(T),ls:‘lh(T)) , , ,
= (f(T),15 7*h(T), 15~ f(T) = 15 2TV h(T))
= (f(T),1s' =17 1.

Let s be the minimum number of such s’ contained in M’ modulo (f(T)).
Further let b be the minimum number of such & with s’ = s contained in M’
modulo (f(T)). M’ is determined by s and b, i.e., |[M/M'| = Ms—D+b,

If f(T) is not of degree one nor an Eisenstein polynomial, consider M; =
(LIT, F(T)/(F(T)) and My = (2,T, f(T)/(f(T)). Since My # My and
|M/M;| = |M/Ms| = I?, this completes the proof. O
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Remark 2.5. When f(T) is an Eisenstein polynomial, there is another expla-
nation (cf. [8, Proposition 3.4]). Let o be a root of of f(T). Then K = Q;(«)
is totally ramified extension of Q;. Let Ok be the maximal order of K. Since
a is uniformizing element of O, Ok = Z;[a]. Hence, the submodule M’ of
M = Z;|a] is determined by |M/M'| = 1", where M = (a™).

Remark 2.6. In order to explain the situation in Remark 2.5, we consider
the following case. Let u be a non-square unit of Z;. Let f(T) = T? — ul®.
Then a = £y/ul and K = Q;(v/u). K is unramified extension of Q; and
Ok = Zi[v/u]. Though Z[a] is an order of K, it is not the maximal order.
Zy[a] has two submodules My = (I,la) and My = (1%, ) with the same index.

Remark 2.7. In [4, 5, 6], an Eisenstein polynomial
FT)=(1+T)* " +1€Z[T)

plays a role. This element corresponds to J + 1, where J is the complex
conjugate.

3 Numerical examples

Let [ be a fixed odd prime number, and p = 2¢l¢ + 1 an odd prime number
with (¢,2l) = 1. For 0 < n < e, let k, be the subfield of the pth cyclotomic
field Q((,) of degree 21™. It is an imaginary cyclic field of conductor p. Let
A,, be the l-part of the ideal class group of k,. Then A, = A, & A, where
A, = 12A, and Af = 152 A, Let k' be the maximal totally real subfield
of k. Since only one prime ramifies in k" /Q and [k : Q] = I", the [-part of
the ideal class group of k;' is trivial. This implies A,, = A,, and A;} = {0}.
Let h,, be the relative class number of k,. Put hy = h, and

o D
"

for 1 < n < e. We directly compute the value ord;(h),) from B;s in the
following way. Let Qj be the Hasse unit index of k (1 or 2, see [1, 2]) , and let
wg be the number of roots of unity in k. By the analytic class number formula

[9, Theorem 4.17],
_ 1
hp = Qk, Wk, 1;[ <—231,5> ;

where § runs over the odd Dirichlet characters of conductor p and order 2I™
with m < n. The generalized Bernoulli number for § of order 2{" is

p—1

Bus =7 3 ad(a) € QG).

a=1
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Put 7, = (;» — 1. Then we have ord;(h],) = ord,, (B,s) for any ¢ of order 20™.
Let g be a primitive root of Z/pZ, and let F(T') be the polynomial in Z[T] such
that

F(T)zp a(l14+T) mod (w.)

a

and that deg F(T) < ¢, where i, is an integer which satisfies g = a mod p.
Then, by l-adic Weierstrass preparation theorem, we can write

F(T) = 1" f(T)u(T),

where p is a non-negative integer u, and f(T) a distinguished polynomial of
degree A in Z;[T], and u(T) € A*. Note that ord;(h!,) = ord,, (I*f(m,)), and
that f(T') and w, are relatively prime for 0 <n <e.

A 7Z;[Gal(k. /ko)]-module A, is considered as a A/(w,)-module by identifying
a generator v of Gal(k./kg) with 1 4+ T'. Since only one prime totally ramifies
in k,/Q, A, ~ A./wp,A.. We obtain Iwasawa type “class number formula”:
ord;(hy,) = pl™ + An + v or ord;(hl,) = pl" (I — 1) + X by applying Theorem
2.3to M = A, with m =e.

Further, the norm map N,, ,—1 : A, — A,_ is surjective. Since the minus
part of the unit group of k,, is trivial, the natural map i,—1, : An—1 = A4,
is injective. This implies that the kernel of N, ,,_; is not trivial if A,,_; is not
trivial. Therefore, if ord;(hg) > 0, then ord;(h!,) > 0 for 1 < n < e. On the
other hand, if ord;(hg) = 0, then ord;(h]) =0 for 1 <n <e.

In Tables 1-5, we give ord;(h!,) for 0 < n < e when p < 1,000,000, e > ¢
and ord;(h}) > 2 for some %, where e3 =5, e5 =3, e7 =2 and ¢; = 1 for [ > 11.

Remark 3.1. On Iwasawa type “formula” in Tables 1-5, we have
u=0, 1<A<6 and —-2<v<8.

For (I,p) = (3,363043), A = 6 and v = 2. For (I,p) = (3,131707), A = 5 and
v = —2. For (I,p) = (3,837379), A = 2 and v = 8. In [4, 5], there are a lot of
cases with ¢ > 0 when | = 2 and k,, C Q((gpq)-

Remark 3.2. In Tables 1-5, there are four pairs (I,p) whose A,, is not a
cyclic Z;[Gal(k, /ko)]-module. Stars mark these primes p (97687, 967627 843211
in Table 1, 857099 in Table 4). Since Ag is bicyclic for these pairs, A, is
generated by 2 elements over Z;[Gal(k,/ko)]. Except for these pairs, A, is a
cyclic Z;[Gal(k, /ko)]-module and

Ay~ A/(F(T), wn),

where f(T) is the distinguished polynomial defined above. Furthermore, if
A =1 or ord;(hj) = 1, we can apply Theorem 2.4 to A,.
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> 2 for some i.

D>

(h

e > 5 and ord

) when

’
n

Table 1: | = 3, ords(h

MM AFIOFNON AN _0001443333331122222222222222228322222221..001111
HO AN AFTNFATFTONNAN AN AT A AFFTANANANANNA~A A A A A A A ANANNNNNNNIFNNONANNN
—

—

— O

HF O NAFNFAFTNNNAN

HO AN AN AFTONNANNANAN A A A A FFANNNN A=A A A A=A A ANNNNANANNNFNNNNNN
HO A N AFNFAFONNAN AN AT A A FFAANANAANN A A A A A A ANANNAANNNNIFNNOANNN
—H O AN~ FNFA TN AN AN A"~ FFAANANANNA—A—A~A A A" AAANAANAANAANNNDFNDNAANNNN
HFO N AFNFAFTNNNOAN NN AT A A FFANANANNNAAAAT A A A~ A A ANANNNNNNANNOFNHNNNNN
S F A AN A FNON A AN AN A AA AN ANNANNA—AAAATAAAAA AT DFONMNMMHMNHNAANNANANNNAN
NFFOFANANANN A A A=A FFTNOMNMHMNMNAANANANANAANANAANANANAANNAANNAN A
DA~ O©O©O©O©O©YWEO©O©OWO IO LI IO IO IO D O O IO LD O O IO 1O 1O 1O 1O 1O 1O 1O 1O 1D 1O 1O 1O 1D 1D 1O 1O 1D 1D 1O 1O 10 1D 1O
HNIM~NNNE AN AN A AN~ MNOMNOD A AN A AN TMNAIMNMN MO0 Db
NFFANO~VONNVI-OMNDDONSWFFNSIFIE-ANAOHOEDFVOOANDNDOO-0NONI OO O~
VOMDO IOV FT ATOANAI-IFTFNINOODOMOANNWOVIDNNVIDOOFMNONNFONODLI-ODNDONDND A
OCMNWWONIIL-NDFOWLWOWIRI-OWLWOI-DALOANOEMONFFAOCOO—TMNMIE-OIALI-IOMN AN OOANHO 0
DOFOLITFOIOIANOLOOLAOTOAANN~MINOINDNDOS VIO ANSNIOIANNOANNOMDOANAMIDEEMNMNIO N - — A F
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Table 2: | =5, ords(h],) when e > 3 and ord(h}) > 2 for some i.
plelO0O 1 2 3 4 5 plelO0 1 2 3
118751 |52 1 1 1 1 1|683251 (3|1 3 3 3
418751 |52 1 1 1 1 1 137251 3|1 2 2 2
276251 |42 1 1 1 1 239251 | 3|1 2 2 2
763751 | 412 1 1 1 1 408251 | 3|1 2 2 2
941251 | 4|1 2 2 2 2 417751 | 3|1 2 2 2
227251 1313 1 1 1 474751 | 3|1 2 2 2
144751 |3 |2 2 2 2 475751 | 3|1 2 2 2
819251 | 3|12 2 2 2 494251 | 3|1 2 2 2
92251 | 312 1 1 1 540251 | 3|1 2 2 2
117251 (3 (2 1 1 1 569251 | 3|1 2 2 2
126751 [ 3 (2 1 1 1 591751 | 3|1 2 2 2
136751 [ 3 (2 1 1 1 635251 | 3|1 2 2 2
233251 |32 1 1 1 714751 |3 |1 2 2 2
295751 1312 1 1 1 7h4751 | 3|1 2 2 2
364751 | 312 1 1 1 873251 | 3|1 2 2 2
706751 1312 1 1 1 910751 | 3 |1 2 2 2
831751 |32 1 1 1 994751 | 3|1 2 2 2
365251 |3 |1 4 4 4
Table 3: | =7, ord7(h],) when e > 2 and ord(h}) > 2 for some i.
ple|l0 1 2 3 ple|0 1 2
258623 |32 1 1 1]612011 |22 1 1
365639 |32 1 1 1760187 2|2 1 1
409543 | 312 1 1 1]833099 |22 1 1
421891 | 3|2 1 1 1]892291 | 2|2 1 1
332711 | 3|1 2 2 2[945211 | 2|2 1 1
640039 | 3|1 2 2 2951091 | 2|2 1 1
796447 | 3|1 2 2 2]966379 | 2|2 1 1
962459 | 3|1 2 2 2906403 | 2|1 3 3
886019 | 2|3 1 1 408563 | 2 |1 2 2
20287 [ 212 1 1 422087 | 2 |1 2 2
160231 (2 |2 1 1 630827 | 2|1 2 2
206507 122 1 1 717851 | 2|1 2 2
229027 122 1 1 930119 | 2|1 2 2
498527 | 2 (2 1 1 959911 | 2|1 2 2
507347 122 1 1
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Table 4: [ =11, ord;;(h],) when e > 1 and ord(h}) > 2 for some .
plel|l0 1 2 3 ple| 0 1 ple| 0 1
130439 | 3|2 1 1 1466951 |1 |2 1 19559 |1 |1 2
113983 | 2 |2 1 1 500083 | 1|2 1 28447 | 1|1 2
234499 | 2|12 1 1 503207 | 1|2 1 35267 [ 111 2
435359 | 2|2 1 1 517243 |1 |2 1 59159 [ 1 |1 2
518123 1 2 12 1 1 548791 |1 | 2 1 89431 |1 |1 2
31219 [ 2 |1 2 2 580691 | 1 | 2 1| 194899 |1 |1 2
314359 | 2 |1 2 2 582451 |1 |2 1210739 |1 |1 2
947431 | 2 |1 2 2 601943 | 1 |2 1 [211927 |1 |1 2
1056491 |1 |2 3 607003 | 1 |2 1 [215183 |1 |1 2
662443 | 1 |2 3 642907 | 1 |2 1 |249107 | 1|1 2
383771 | 1|2 2 644227 |1 |2 1 | 257687 | 1|1 2
639563 | 1 |2 2 695047 | 1 |2 1301643 | 1|1 2
*857099 | 1|2 2 704287 | 1|2 1| 341771 |11 2
957331 | 1|2 2 722459 | 112 1376399 | 1|1 2
36311 [ 112 1 722899 | 1|2 1 |511787 |1 |1 2
46399 |1 |2 1 736363 | 1 |2 1 |558251 |11 2
71699 |1 12 1 743711 |1 |2 1]616243 |1 |1 2
82567 |1 |2 1 745999 | 1 ]2 1|671903 |1 |1 2
127931 | 1 |2 1 763423 | 1|2 1| 700811 |1 |1 2
166783 | 1 |2 1 824099 | 1 |2 1| 740191 |1 |1 2
214787 |1 |2 1 904399 | 1|2 1 | 758231 | 1|1 2
234323 |1 |2 1 914827 | 1 |2 1 | 835847 | 1|1 2
287387 | 112 1 991387 | 1 |2 1901891 |1 |1 2
322631 | 1|2 1 875183 | 1 | 1 4| 925607 | 1 |1 2
340683 | 1|2 1 608851 | 1 |1 31934979 | 1|1 2
431267 | 1|2 1 666139 | 1 |1 3946727 | 1|1 2
432499 | 1|2 1 928643 | 1 |1 3974359 |1 |1 2
449131 |1 |2 1 2971 | 1|1 298007 | 1|1 2

464311 | 1 |2 1 13619 | 1 |1 2
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Table 5: | > 13, ord;(h,,) when e > 1 and ord(h}) > 2 for some i.

(
l P e| 0 1 2 3 l p e | 0 1
13 | 672283 | 3 1 2 2 2 17 45119 1 2 1
712843 | 2 | 2 1 1 157999 1 2 1
506663 | 2 | 1 2 2 284819 | 1 | 2 1
821003 | 2 1 2 2 354791 1 2 1
104287 1 2 2 372539 1 2 1
639263 | 1 | 2 2 447611 | 1 | 2 1
96487 1 2 1 536147 | 1 2 1
109903 1 2 1 66947 1 1 3
136319 | 1 | 2 1 944963 | 1 | 1 3
266059 | 1 | 2 1 154871 | 1 | 1 2
288731 1 2 1 208591 1 1 2
317071 1 2 1 217499 1 1 2
335999 | 1|2 1 236471 | 1 | 1 2
351391 | 1| 2 1 317663 | 1 | 1 2
375467 1 2 1 444007 1 1 2
539839 | 1| 2 1 477259 | 1 | 1 2
545663 | 1 | 2 1 714443 | 1 |1 2
548003 1 2 1 19 84551 1 2 1
635363 | 1 | 2 1 552103 | 1 | 2 1
783719 | 1| 2 1 683887 | 1 | 2 1
883247 1 2 1 424271 1 1 2
890683 1 2 1 838927 1 1 2
912523 1 2 1 882247 | 1 1 2
986519 1 2 1 886427 | 1 1 2
239539 | 1|1 3 23 | 345599 | 1 | 2 1
337039 | 1|1 3 713599 | 1 | 2 1
724751 1 1 3 197203 1 1 2
898171 | 1 |1 3 926671 | 1 | 1 2
33931 1 1 2 29 | 239831 1 1 2
52963 1 1 2 433087 | 1 1 2
64091 1 1 2 691651 1 1 2
97579 111 2 828067 | 1 | 1 2
125243 | 1 | 1 2 31 | 740591 | 1 | 2 1
210523 1 1 2 257611 1 1 2
223367 1 1 2 517267 | 1 1 2
223939 | 1|1 2 878851 | 1 | 1 2
257791 1 1 2 41 | 441079 1 1 2
322999 1 1 2 43 | 771163 1 1 2
323987 1 1 2 47 | 214603 1 1 2
407707 |1 |1 2 101 | 749219 | 1 | 1 2
570467 | 1 | 1 2
628811 | 1 | 1 2
635051 | 1 | 1 2
680707 | 1 | 1 2
865307 | 1 | 1 2
882571 | 1 | 1 2
891827 1 1 2
922351 1 1 2
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